Statistical Mechanics Assignment 2 Solutions

(a) The normalization constant is

1
C=-—— =d%
Jo wewdx “

(b) Let the normalized probability density be ¢(x) = a®f(z). Then

(x) = /000 r¢(x) dr = a® /000 e dy = 2

a

(a) We apply the barometric formula to both oxygen and nitrogen to get their pres-
sures at 1000 m altitude. The masses of these molecules are

31.9988 g /mol

6.022 1367 x 1023 mol~!

28.0134 g/mol —923 —926
_ 465174 % 105 ¢ = 4.651 74 x 10~ k.
N 6.022 1367 x 102 mol 1 % & % &

=5.31353 x 1072 g = 5.31353 x 10~ kg.

77102

At sea level,

Po, = 0.21(101325Pa = 21 kPa.
Py, = 0.78(101325Pa = 79 kPa.

—mgh/(kT)

Therefore, using the barometric formula, P = Fye , we have

—(5.31353 x 10~ kg)(9.806 65 m/s?)(1000 m)
Po,(1000m) = (21kP
0,(1000m) = (21kPa)exp ( (1.380658 x 102 J/K)(293K)

= 19kPa.
—(4.65174 x 1072 kg)(9.806 65 m /s?)(1000 m)
Py, (1000m) = (79kP
N (1000m) = (T9kPa) exp ( (1.380658 x 10~ J/K)(293 K)
= T1kPa.



(b)

(c)

We can now apply the ideal gas law to get the number of molecules of each kind:

Po,V (19 x 103Pa)(4 x 4 x 3m?)
"0z T TRT T (8.314510 1J K-'mol1)(203K)
= 3.7 x 10®mol.
. No, = (3.7%x10*mol)(6.022 1367 x 10** mol™') = 2.2 x 10%° molecules.
Px,V (71 x 103Pa)(4 x 4 x 3m?)
"N: T TRT T (83145101 J K-'mol-1)(293K)
1.4 x 10* mol.

Ny, = (1.4 x 10°mol)(6.022 1367 x 10* mol™') = 8.4 x 10%° molecules.

No,! Ny,!
W= M) - ONENO! - ON (1)
NS (Noy — NoOUNG NNy, — N))!

We have
NG, + Ny, = NG, + Ny
But we also know that No, = N&) +N(()22) and Ny, = NI%) —i—NIEi). We can use these
last two equations to solve for N&) and Nﬁ). We substitute these expressions into
the equation expressing the constraint, and get
NS + N{) = No, — NS + Ny, — N

We can now solve for NIEIIQ):

1
N = : (NN2 + No, — 2N(()12)> .

We can now substitute this expression into the equation derived in question 1:
W = NOz! NNQ!
1 1
NW(No, — NO)! [% (NN2 + No, — 2N§3)}! [% (NN2 ~ No, + 2N§2>)]!
(2)

We want to evaluate In W for N&) = %No2 and NIEIIQ) = %NNQ. We can use either
equation 1 or 2 for this case. Either way, we get

No,! Ny,!
(%Noz) 12 (%NN2) 2

Take the logarithm and then apply Stirling’s approximation:

W =

1 1
InW; = InNo,! —2In <§N02>! +In Ny,! —21In <§NN2)!
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1 1 1
~ N02 lIlN02 — N02 -2 |:§N02 In (iNoz) - §N02:|

1 1 1
+ ]VN2 In ]VN2 - NN2 -2 |:—.NVN2 In (—NNQ) — —NN2:|

2 2 2
= In2 (No2 + NNQ) .
= In2(2.2 x 10*° + 8.4 x 10*°) = 7.345513 x 10%°.

(e) Here, we use equation 2.
InW = InNo,! —In(0.49No,)! —In(0.51Np,)! + In Ny, !
1 1
—In |:§ (]VN2 + OOQNOZ):| '—In |:§ (NN2 - OO2N02):| !

=~ N02 In N02 — N02 - [049N02 ln(049No2) — 049N02]
— [0.51No, In(0.51No,) — 0.51No,] + Ny, In Ny, — Ny,

1 1 1
- {5 (Nx, + 0.02No,) In {5 (Nx, + 0.02N02)] — 5 (Nx, + 0.02NO2)}

1 1 1
— {5 (NN2 - 002N02) In [5 (]VN2 — 002N02):| - 5 (]VN2 — 002N02)}
= —No, (0.491n0.49 + 0.511n0.51) 4+ Ny, In (2Ny,)
1
— 5 (N, +0.02No,) In (N, +0.02No,)

1
— 5 (NN2 — 002N02) In (]VN2 — 002N02)

If we put in the numbers, we get

In Wy = 7.344951 x 10%.

This gives
In (ﬁ) = InW; —InW, = 5.6 x 10%.
W
. % —  P6x10%
Wi '

This is a really large number, which tells us that it is much, much more likely
that the oxygen is equally divided between the two halves of the room than that
there is a 1% fluctuation in relative oxygen levels between the two halves.

3. (a) We have energies in eV. We can either convert these to Joules, or we can convert
the Boltzmann constant to eV /K. I chose to do the latter:
1.380658 x 1072 J/K
= = 8.61737 x 107° eV /K.
1.60218 x 10-19 J /eV x 1077 eV/
e—c0/(KT) 4 o=e1/(KT) | o—ea/(KT)

q —_=
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Figure 1: Graph of the probabilities vs temperature for question 3c.

( —0.03eV )
= l+4+exp

(861737 x 105 eV /K)(298.15K)

—1eV
+exp ((8.617 37 % 10-5 eV /K)(298.15 K))
= 140311+1.2x 107" =1.311.

The highest energy level makes only a tiny contribution to the partition function
at this temperature and isn’t really relevant.

The probability that a molecule is in the ground state is e=0/*T) /g = 1/1.311 =
0.763. Out of 100 molecules, we would therefore expect about 76 to be in the
ground state. Similarly, e=</¢7) /g = 0.311/1.311 = 0.237 so about 24 out of 100
should be in the first excited state.

I ended up generating three graphs, shown here as figures 1, 2 and 3. At very
low temperatures, only the ground state is populated. However, as €; becomes
comparable to kT, state 1 becomes populated. Similarly, state 2 becomes pop-
ulated when its energy becomes comparable to kT. At very high temperatures,
the three probabilities are tending to the value é

The average energy is

1o~/ (KT) 4 ¢ p=er/(KT)

(€) =

q

Figures 4 and 5 show two different views of this function. = Because only the
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Figure 2: Graph of the probabilities vs temperature for question 3c.
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Figure 3: Graph of the probabilities vs temperature for question 3c.
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Figure 4: Graph of the average energy vs temperature for question 3d.
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Figure 5: Graph of the average energy vs temperature for question 3d.



ground state is populated, the average energy is zero at very low temperatures.
There is then a plateau at a value near %(0.03 eV) in the range where the popula-
tions of the ground and first excited states are comparable. Finally, the average
energy tends to about %(1 eV) at high temperatures, basically because of the equal
populations and the fact that €5 is much greater than e;.



