
Chemistry3730Fall 2002Test3 Solutions

1. Therearetwo methodsto calculatetheionizationenergy:

(a) Arsenichasap3 outer-shellconfiguration.Itsground-statespinmultiplicity is therefore
4. I performedanunrestrictedHartree-Fockcalculationwith the6-311G

�
basissetand

obtainedanenergy of � 1401953� 013947kcal
�
mol. Therelevant ion hasa chargeof�

1 andaspinmultiplicity of 3. A similarab initio calculationto thatusedfor theatom
givesa ground-stateenergy of � 1401734� 982284kcal

�
mol. Theionizationenergy is

therefore

IE ��� 1401734� 982284 ���	� 1401953� 013947kcal
�
mol
�� 218� 031663kcal

�
mol�

Applying theconversionfactor, this is 9.4548eV.

To really do this right, we shouldalsoconsiderthe correlationenergy which we can
calculateusingtheMP2 method.Wehaven’t learnedaboutthis yet,but for therecord,
thecorrectedenergiesare � 1402232� 876553and � 1402005� 193477kcal

�
mol for the

atom and ion, respectively. The ionization energy is then 227.683076kcal/mol, or
9.8733eV.

(b) Theother(simpler)alternative is to useKoopmans’s theorem.Fromtheab initio cal-
culationdescribedabove,wefind thattheorbitalenergy for thelastoccupiedorbital is� 10� 01578eV. Theionizationenergy is therefore10.01578eV.

Theexperimentalionizationenergy is 9.815eV.

2. (a) By writing orbital occupanciessuchas1s2, we areassumingthatwe candescribethe
wavefunctionof a many-electronsystemusingone-electronorbitals. In otherwords,
we are assumingthat the wavefunctioncan be representedwithout termsinvolving
therelative positionsof thetwo electrons.This is only true if the two electronsdon’t
interactwhich,of course,they do. In perturbationtheory, wetreattheelectronrepulsion
term assmall andfind that the zero-orderproblemconsistsof two electronsin a 1s
orbital. The1s2 descriptioncanthereforebethoughtof asbeinga first approximation
basedon perturbationtheoryfor thegroundstateof aheliumatom.

(b) In orderto usethevariationalmethodto calculateanexcitedstate,we musthave trial
wavefunctionswhichareorthogonalto any stateswhicharelower in energy. However,
wedon’t know thewavefunctionsof any of thestates(or wewouldn’t beusingthevari-
ationalmethod).Accordingly, thebestwe cando is to build trial wavefunctionswhich
areorthogonalto thevariationalapproximationsto thelowerstates.Exceptfor thefirst
excitedstatewherewavefunctionsymmetryrequirementsoftensimplify this problem,
orthogonalityto a setof approximatesolutionsdoesnotguaranteeorthogonalityto the
exactsolutions.

1



3. (a) Therearetwo quitedifferentwaysto go aboutansweringthis question:

i. �
ψ1  ψ0 � � �

φ1 � 1 � 2
 α � 1
 α � 2
  φ1 � 1 � 2
 1�
2

�
α � 1
 β � 2
 � α � 2
 β � 1
	� �� 1�

2

�
φ1  φ1 � � α � 1
 α � 2
  α � 1
 β � 2
 � α � 2
 β � 1
 � �

Becausethespatialpartof thewavefunction(φ1) is normalized,theinnerproduct�
φ1  φ1 � � 1. Therefore�

ψ1  ψ0 � � 1�
2

���
α � 1
 α � 2
  α � 1
 β � 2
 � � �

α � 1
 α � 2
  α � 2
 β � 1
 � �� 1�
2

���
α � 1
  α � 1
 � � α � 2
  β � 2
 � � �

α � 1
  β � 1
 � � α � 2
  α � 2
 � ���
But

�
α � i 
  β � i 
 � � 0 �� �

ψ1  ψ0 � � 0 �
ii. ψ1 andψ0 areeigenfunctionsof the HermitianoperatorŜz correspondingto dif-

ferenteigenvalues.They mustthereforebeorthogonal.

(b) We want �
ψ11��� 1�  ψ11��� 1� � � 1 ��
ψ11��� 1�  ψ11��� 1� � � N2 � ψ1

� ψ0 � ψ � 1  ψ1
� ψ0 � ψ � 1 �� N2 ���

ψ1  ψ1 � � �
ψ0  ψ0 � � �

ψ � 1  ψ � 1 � ���
Note thatall of the termswhich arezerodueto theorthogonalityof thespin-orbitals
werediscardedin obtainingthe last equality. Furthermore,sincethe individual spin-
orbitalsarenormalized, �

ψ11��� 1�  ψ11��� 1� � � 3N2 � 1 �� N � 1�
3
�

(c) ψ11��� 1� is a linearcombinationof functionswhich areeigenfunctionsof Ŝ2, eachwith
aneigenvalueof 2 � 2. Accordingly, ψ11��� 1� is alsoaneigenfunctionof Ŝ2 with eigen-
value2 � 2. If youprefera formaldemonstration,hereit is:

Ŝ2ψ11��� 1� � 1�
3

Ŝ2 � ψ1
� ψ0 � ψ � 1 
� 1�

3

�
Ŝ2ψ1

�
Ŝ2ψ0 � Ŝ2ψ � 1 �
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� 1�
3

�
2 � 2ψ1

�
2 � 2ψ0 � 2 � 2ψ � 1 �� 2 � 2 1�

3
� ψ1

� ψ0 � ψ � 1 
� 2 � 2ψ11��� 1� �
(d)

Ŝzψ11��� 1� � 1�
3

Ŝz � ψ1
� ψ0 � ψ � 1 
� 1�

3

�
Ŝzψ1

�
Ŝzψ0 � Ŝzψ � 1 �� 1�

3
��� ψ1

�
0 � ψ0 ��� � 1
!� ψ � 1 
� � 1�

3
� ψ1

� ψ � 1 
"� MS � ψ11��� 1� �
ψ11��� 1� is notaneigenfunctionof Ŝz.

Bonus question: Let our new wavefunctionbe

ψnew � A � ψ1
�

aψ0
�

bψ � 1 
#�
wherea andb andA areconstantsto bedetermined.Thenormalizationof ψnew gives

A � 1
�%$

1
�

a2 �
b2 �

If ψnew is orthogonalto ψ11��� 1� , then�
ψ11��� 1�  ψnew � � 0 ��
ψ11��� 1�  ψnew � � A�

3

�
ψ1

� ψ0 � ψ � 1  ψ1
�

aψ0
�

bψ � 1 �� A�
3

� 1 �
a
�

b 
#�� 1
�

a � b � 0 �
Wecanchooseany twonumbersa andb whichsatisfythisrelation.For instance,a � 2

3,
b � 5

3 wouldwork. Thiswouldgiveusthewavefunction

ψ12
3

5
3
� 3�

38

&
ψ1

� 2
3

ψ0
� 5

3
ψ � 1 ' �

3



4. Westartby definingthevariationalwavefunction:

> phi := x -> exp(-b*xˆ2);

φ : � x ( e ��� bx2 �
> assume(b>0);

Thevariationalenergy is

Evar � �
φ  Ĥ  φ ��

φ  φ � � �
φ  K̂  φ � � �

φ  V̂  φ ��
φ  φ � �

Wecanevaluatethis expressionin piecesusingMaple:

> Kip := -hbarˆ2/(2*m)*int(phi(x)*diff(phi(x ),x$2 ),
x=-infinity..infinity);

Kip : � 1
4

hbar2
�

b˜
�

2
�

π
m

> V := x -> A*abs(x);

V : � x ( A  x 
> Vip := int(phi(x)ˆ2*V(x),x=-infinity..infi nity) ;

Vip : � 1
2

A
b˜

> ip := int(phi(x)ˆ2,x=-infinity..infinity);

ip : � 1
2

�
2
�

π�
b˜

> Evar := (Kip+Vip)/ip:
> soln:=solve(diff(Evar,b)=0,b);
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soln : � 1
4

4 � 2) 3� � � 2Amhbar�
π


 � 2) 3�
hbar2 �*+++, � 1

4

4 � 1) 3� � � 2Amhbar�
π


 � 1) 3�
hbar

� 1
4

I
�

34 � 1) 3� � � 2Amhbar�
π


 � 1) 3�
hbar

-/...0
2 �*+++, � 1

4

4 � 1) 3� � � 2Amhbar�
π


 � 1) 3�
hbar

� 1
4

I
�

34 � 1) 3� � � 2Amhbar�
π


 � 1) 3�
hbar

-/...0
2

The first solutionis the correctone. Whenwe startedthis problem,we assumedthat b 1
0, which implies that b is real. The complex solutionswe’re getting now contradictthis
assumptionandsomustberejected.Weobtaintheenergy by substitutingthefirst resultinto
theenergy:

> assume(m>0);
> assume(hbar>0);
> assume(A>0);
> Emin := simplify(subs(b=soln[1],Evar));

Emin : � 3
4

hbar˜ � 2) 3� A˜ � 2) 3� 2 � 2) 3�
m˜ � 1) 3� π � 1) 3�

Bonus question The wavefunctionfor the first excited stateshouldbe orthogonalto the
ground-statewavefunction.Try

> phi1 := x -> x*exp(-f*xˆ2);

φ1 : � x ( xe ��� f x2 �
wheref is apositivevariationalparameter.

> assume(f>0);

Let’s testfor orthogonality:

> int(phi(x)*phi1(x),x=-infinity..inf inity );
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0

Thewavefunctionshouldalsoobey theboundaryconditionsandbesquare-integrable:

> limit(phi1(x),x=infinity);

0

> limit(phi1(x),x=-infinity);

0

> ip := int(phi1(x)ˆ2,x=-infinity..infinit y);

ip : � 1
8

�
2
�

π
f ˜ � 3) 2�

Now that we know that our wavefunctionis sensible,all we have to do is apply the
variationalmethod:

> Kip := -hbarˆ2/(2*m)*int(phi1(x)*diff(ph i1(x) ,x$2) ,
x=-infinity..infinity);

Kip : � 3
16

hbar˜2
�

2
�

π
m˜

�
f ˜

> Vip := int(phi1(x)ˆ2*V(x),x=-infinity..i nfini ty);

Vip : � 1
4

A˜

f ˜2

> Evar1 := (Kip+Vip)/ip:
> soln1:=solve(diff(Evar1,f)=0,f);

soln1 : � 1
9

9 � 2) 3� � � 2A˜m˜hbar˜�
π


 � 2) 3�
hbar˜2 �*+++, � 1

6

9 � 1) 3� � � 2A˜m˜hbar˜�
π


 � 1) 3�
hbar˜

� 1
6

I
�

39 � 1) 3� � � 2A˜m˜hbar˜�
π


 � 1) 3�
hbar˜

- ...0
2 �*+++, � 1

6

9 � 1) 3� � � 2A˜m˜hbar˜�
π


 � 1) 3�
hbar˜

� 1
6

I
�

39 � 1) 3� � � 2A˜m˜hbar˜�
π


 � 1) 3�
hbar˜

-/...0
2
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Again, theonly sensiblesolutionis thefirst one.Thustheenergy is

> simplify(subs(f=soln1[1],Evar1));

3
2

hbar˜ � 2) 3� 3 � 1) 3� 2 � 1) 3� A˜ � 2) 3�
m˜ � 1) 3� π � 1) 3�

5. Theexpectationvalueis calculatedby
�
K � � �

ψ2p0  K̂  ψ2p0 � . For simplicity, definetheradial
partof thekineticenergy operator

R̂ ��� 1
2r2

∂
∂r

&
r2∂

∂r '
suchthat

K̂ � R̂
� 1

2r2 L̂2 �
Theexpressionto evaluateis�

K � � �
ψ2p0  R̂  ψ2p0 � � �

ψ2p0  1
2r2 L̂2  ψ2p0 � �

But L̂2  ψ2p0 � � 23�42 �
1
  ψ2p0 � � 1 � 1 �

1
  ψ2p0 � � 2  ψ2p0 � �� �
K � � �

ψ2p0  R̂  ψ2p0 � � �
ψ2p0  1r2  ψ2p0 � �

Since Z � 1 ��
K � � � 1

32π 5 2π

φ 6 0 5 π

θ 6 0 5 ∞

r 6 0
re � r ) 2 1

2r2

∂
∂r

&
r2∂

∂r 7 re � r ) 2 8 ' cos2θr2sinθdr dθdφ� 1
32π 5 2π

φ 6 0 5 π

θ 6 0 5 ∞

r 6 0 7 re � r ) 2cosθ 8 2 1
r2r2sinθdr dθdφ� � 1

64π 5 2π

φ 6 0 5 π

θ 6 0 5 ∞

r 6 0
re � r ) 2∂

∂r

&
r2∂

∂r 7 re � r ) 2 8 ' cos2θ sinθdr dθdφ� 1
32π 5 2π

φ 6 0 5 π

θ 6 0 5 ∞

r 6 0
r2e � r cos2θ sinθdr dθdφ� � 1

32 5 π

θ 6 0 5 ∞

r 6 0
re � r ) 2∂

∂r

&
r2∂

∂r 7 re � r ) 2 8 ' cos2 θ sinθdr dθ� 1
16 5 π

θ 6 0 5 ∞

r 6 0
r2e � r cos2 θ sinθdr dθ

Wecannow useMapleto do therest:

> i1 := -1/32*int(int(r*exp(-r/2)*diff(rˆ2*d iff(r *exp( -r/2), r),r)
*cos(theta)ˆ2*sin(theta),r=0..infinit y),th eta=0 ..Pi) ;
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i1 : � 1
24

> i2 := 1/16*int(int(rˆ2*exp(-r)*cos(theta)ˆ 2*sin (thet a),r=0 ..inf inity ),
theta=0..Pi);

i2 : � 1
12

> avg_K := i1+i2;

avg K : � 1
8

Theaveragekineticenergy is therefore1
8 hartree.
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