
Chemistry3730Fall 2002Test2 Solutions

1. �
Y5 ��� 3��� L̂2

x � L̂2
y �Y5 ��� 3�	��
 �

Y5 ��� 3��� L̂2 � L̂2
z �Y5 ��� 3�	�
 �

Y5 ��� 3��� L̂2 �Y5 ��� 3�	� � �
Y5 �� 3��� L̂2

z �Y5 ��� 3�	�
 5 � 5 � 1��� 2 � Y5 ��� 3� �Y5 ��� 3� � � � � 3 ��� � Y5 ��� 3� � L̂z �Y5 ��� 3� �
 30� 2 � � � 3 ��� 2 � Y5 ��� 3���Y5 ��� 3�	�
 30� 2 � 9 � 2 
 21� 2

Thisis theexpectationvalueof L2
x � L2

y for arotatingsystemfor whichtheangularpartof the
wavefunctionis asphericalharmoniccorrespondingto thequantumnumber� 
 5, m� 
 � 3.

2. First,definethewavefunction:

> psi2 := x -> (alpha/(4*Pi))ˆ(1/4)*(2*alpha*xˆ2- 1)
*exp(-alpha*xˆ2/2);

ψ2 : 
 x � 1
4

4 � 3� 4� � α
π
� � 1� 4� � 2αx2 � 1� e�� 1� 2αx2 �

assume(alpha>0);

I’m goingto do thecalculationin a coupleof steps.First, I’m goingto calculatetheexpec-
tationvalueof K:

> avg_K:=-hbarˆ2/(2*mu)*int(psi2(x)*dif f(psi 2(x), x$2),
x=-infinity..infinity);

avg K : 
 5hbar2α˜
4µ

Now theexpectationvalueof V:

> avg_V:=k/2*int(psi2(x)ˆ2*xˆ2,x=-infin ity.. infin ity);
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avg V : 
 5k
4α˜

Theexpectationvalueof theLagrangianis therefore�
L ��
 5 � 2α

4µ
� 5k

4α
 5 � 2

4µ

�
µk� � 5k

4
��
µk
 5

4
� k

µ
� 5

4
� k

µ 
 0 �
3. (a) Thisproblemis aperturbationon theharmonicoscillatorproblem.Theperturbationis

> H1 := x -> A*cos(u*x);

H1 : 
 x � Acos� ux�
Theground-statewavefunctionis

> psi00 := x -> (alpha/Pi)ˆ(1/4)*exp(-alpha*xˆ2/2);

ψ00: 
 x � � α
π
� � 1� 4� e��� 1� 2αx2 �

Notation:Thefirst 0 representsthefactthatthis is asolutionto thezero-orderproblem.
Thesecond0 indicatesthegroundstateof theharmonicoscillator.

Theenergy correctionis

> E10 := int(psi00(x)*H1(x)*psi00(x),x=-in finit y..in finity );

E10: 
 e��� u2
4α˜ � A

Theapproximateenergy of thegroundstateis therefore

E0 
 E � 0�0 � E � 1�0 
 1
2
� ω � Ae� u2 ��� 4α � �

(b) To calculatethecoefficientsof theexpansion,weneedtheground-stateenergies:

> E0 := n -> hbar*omega*(n+1/2);
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E0 : 
 n � hbarω � n � 1
2
�

Thecoefficientc01 is calculatedasfollows:

> psi01 := x -> (4*alphaˆ3/Pi)ˆ(1/4)*x*exp(-alpha*xˆ 2/2);

ψ01: 
 x � 4 � 1� 4� � α3

π
� � 1� 4� xe��� 1� 2αx2 �

> c01 := int(psi01(x)*H1(x)*psi00(x),x=-in finit y..in finity )/(E0 (0)-E 0(1)) ;

c01: 
 0

We proceedsimilarly for c02. (I usecut-and-pastea lot whenI do this kind of work in
Maple.)

> psi02 := x -> (alpha/(4*Pi))ˆ(1/4)*(2*alpha*xˆ2-1) *exp(- alpha *xˆ2/ 2);

ψ02: 
 x � 1
4

4 � 3� 4� � α
π
� � 1� 4� � 2αx2 � 1� e��� 1� 2αx2 �

> c02 := int(psi02(x)*H1(x)*psi00(x),x=-in finit y..in finity )/(E0 (0)-E 0(2)) ;

c02: 
 � 1
2

1
2

�
2e�� u2

4α˜ � A � 1 � u2

2α˜
� � 1

2

�
2e��� u2

4α˜ � A
hbarω

> c02:=simplify(c02);

c02: 
 1
8

�
2e��� u2

4α˜ � Au2

α˜hbarω

This is our first nonzerocorrection,sowe canstophere.Theunnormalizedwavefunc-
tion is therefore

> psi_u := x -> psi00(x) + c02*psi02(x);

psi u : 
 x � ψ00� x� � c02ψ02� x�
Thenormalizationfactoris

> N := 1/sqrt(int(psi_u(x)ˆ2,x=-infinity.. infin ity)) ;
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N : 
 8����� � α˜
π
�

π � 64α˜2hbar2ω2 � A2u4
�

4e��� u2
2α˜ � �

α˜ � 5� 2� hbar2 ω2

> N := simplify(N);

N : 
 4
�

2α˜

32α˜2hbar2 ω2 � A2u4e�� u2
2α˜ �

hbar2ω2

Thenormalizedwavefunctionis therefore

> psi10 := x -> N*psi_u(x);

ψ10: 
 x � Npsi u � x�
4. Thelinesin thespectrumarespacedby 2B. It follows that

B 
 1
2 � 0 � 52868780cm� 1  
 0 � 2643439cm� 1 ! 26� 43439m � 1 �

Wealsoknow that

B 
 h
8π2Ic "# I 
 h
8π2Bc
 6 � 6260688 $ 10� 34J% Hz
8π2 � 26� 43439m � 1 �&� 2 � 99792458 $ 108m% s�
 1 � 058952 $ 10� 45kgm2 �

Wealsoknow that I 
 µr2. To go any further, weneedto calculateµ:

mAu 
 196� 966552 $ 10� 3kg% mol
6 � 0221420 $ 1023mol � 1
 3 � 270706 $ 10� 25kg �

mF 
 18� 99840320 $ 10� 3kg% mol
6 � 0221420 $ 1023mol � 1
 3 � 154758 $ 10� 26kg �
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# µ 
 ' 1
mAu

� 1
mF ( � 1


 2 � 877235 $ 10� 26kg �# r2 
 I
µ 
 3 � 680450 $ 1020m2 �# r 
 1 � 91845Å �
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