
Chemistry3730Fall 2002Test1 Solutions

1. First,definethewavefunction:

> psi := (nx,ny,x,y,Lx,Ly) ->
2/sqrt(Lx*Ly)*sin(nx*Pi*x/Lx)*sin (ny*Pi *y/Ly );

ψ : � �
nx � ny � x � y � Lx � Ly ��� 2sin

� nxπx
Lx

� sin
� nyπy

Ly
��

LxLy

In thiscase,nx
� 2 andny

� 1. Also, Lx
� Ly

� L. Wethereforewantto evaluatetheintegral� L � 8
y 	 0

� L � 3
x 	 L � 5 ψ2

2 
 1 dxdy �
In Maplenotation,this is

> int(int(psi(2,1,x,y,L,L)ˆ2,x=L/5..L/3 ),y=0 ..L/8 );

1
960

��
120cos

� π
8
� sin

� π
8
� � 3

�
128cos

� π
8
� sin

� π
8
� π�

480cos
� π
8
� sin

� π
8
� cos

� 2π
5
� sin

� 2π
5
��� 15π

�
3 � 16π2

� 60πcos
� 2π

5
� sin

� 2π
5
����� π2

Thiscomplicatedresultcanbeconvertedto anumberusingtheevalf() function:

> evalf(%);

0 � 003102952577

2. (a) A normalizedwavefunctionis onefor which�
all space

ψ � ψdV � 1 �
This is requiredbecauseψ � ψ is theprobabilitydensity. Theabove integral is theprob-
ability thataparticlewill befoundsomewherein space,whichclearlymustbe1.
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(b) Again,wewill startby definingthewavefunction:

> phi := (x,L) -> x*(L-x);

φ : � �
x � L ��� x

�
L
�

x �
A normalizedversionof this function,φnorm, canbemadeby multiplying φ by a con-
stant:

φnorm
� Aφ �

TheconstantA mustthensatisfy� L

0
φ2

normdx � A2
� L

0
φ2 dx � 1 �

By elementaryalgebra,wefind that

A � 1� �
L
0 φ2dx

�
A := 1/sqrt(int(phi(x,L)ˆ2,x=0..L));

A : � �
30�
L5

(c) If φ is orthogonalto ψn, then � L

0
φ � ψdx � 0 �

> psi := (n,x,L) -> sqrt(2/L)*sin(n*Pi*x/L);

ψ : � �
n � x � L ��� � 2

L
sin

� nπx
L

�
Wenow checkfor orthogonality. Becausethewavefunctionis real-valued,thecomplex-
conjugateoperationdoesn’t doanything.

> assume(n,integer);
> int(phi(x,L)*psi(n,x,L),x=0..L);

� 2L3
�

2 � 1
L

����
1� n˜ � 1�

n˜3 π3

This is zeroif thequantityin parenthesesis zero,i.e. if
��

1� n � 1 which occursif n
is even. In otherwords,φ is orthogonalto all theevennumberedexactwavefunctions
(n � 2 � 4 � 6 ������� ).
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3. First,definethewavefunctionandlet Mapleknow thatn is anintegerasabove. Theexpec-
tationvalueis �

x2 � � � L

0
ψ �nx2ψn dx �

> int(psi(n,x,L)*xˆ2*psi(n,x,L),x=0..L) ;��
6
����

1� n˜ � 2 � 2n˜2 π2 � 3� L2

6n˜2 π2

> simplify(%); ��
3 � 2n˜2 π2 � L2

6n˜2 π2

Thelargen limit is alsoeasyto getwith Maple:

> limit(%,n=infinity);

L2

3

4. (a) Two quantitiesarecompatibleif their operatorscommute.Recallthat

L̂x
� ŷp̂z

�
ẑ p̂y ���� L̂x � x̂ � � � ŷp̂z
�

ẑ p̂y � x̂ ���
At this point, we canseethat this commutatorwill only involve termsin � ŷ � x̂ � , � p̂z � x̂ � ,� ẑ � x̂ � and � p̂y � x̂ � , all of whicharezero.Accordingly, � L̂x � x̂ � � 0 whichmeansthatLx and
x arecompatible.

(b) � L̂x � ŷ � � � ŷp̂z
�

ẑ p̂y � ŷ �� � ŷp̂z � ŷ � � � ẑp̂y � ŷ �� ŷ� � � �� 0� p̂z � ŷ �!� � � �� 0� ŷ � ŷ � p̂z
�#"

ẑ � p̂y � ŷ �!� � � �� 0� ẑ � ŷ � p̂y $� ẑ � ŷ � p̂y � � i % ẑ

Sincethis commutatoris nonzero,Lx andy arenot compatible.

5. False.Counterexample:x̂ commuteswith both ŷ and p̂y, but ŷ and p̂y do not commutewith
eachother.
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