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1. Theconcentrationof X is constant,sowe just have two variables,a anda
�
. Therateequa-

tionsare

da
dt

� � k1xa
�

k � 1xa
���

da
�

dt
� k1xa � k � 1xa

� � k2a
���

Theequilibriumpoint is still (0,0). (Verify this for yourself.)Thevelocityvectorv �
	 ȧ � ȧ ���
hasthe following qualitative patternon the a axis: 	
� � � �

. Along the a
�

axis,v � 	 � � � � .
Thetwo nullclinesare

da
dt

� 0 � a
� � k1

k � 1
a
�

da �
dt

� 0 � a
� � k1x

k � 1x � k2
a
�

Both of the nullclinesarestraightlines passingthroughthe origin. The a
�

nullcline hasa
smallerslope.Abovethea nullcline, ȧ � 0 while below it, thisderivativeis negative. Below
thea

�
nullcline, ȧ

� � 0, andnegative above. Thevelocity field thereforehasthe following
appearance:

a

a*

a* nullcline

a nullcline
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Theheavy dot marksthelocationof theequilibriumpoint.

Wecannow sketchthetrajectories,shown assolid linesbelow:

a

a*

a* nullcline

a nullcline

2. (a)

d �O3 �
dt � k0 � k1 �X � �O3��� k � 1 �X � �O2� �O��� k2 �O3 � �O�

d �O�
dt � k1 �X � �O3��� k � 1 �X � �O2� �O��� k2 �O3 � �O�

(b) I’ ll startby rewriting therateequations,combiningsomeof theconstants:

d �O3 �
dt � k0 � k �1 �O3 ��� k � � 1 �O��� k2 �O3 � �O� � 0 � (1)

d �O�
dt � k �1 �O3 ��� k � � 1 �O��� k2 �O3 � �O� � 0  (2)

In theseequations,k �1 � k1 �X � andk � � 1 � k � 1 �X � �O2 � .
We find thenullclinesby settingequations1 and2 to zero.

O3 nullcline: �O� � k0 � k �1 �O3 �
k2 �O3 ��� k � � 1

O nullcline: �O� � k �1 �O3 �
k2 �O3 ��� k � � 1

The [O] nullcline is easyto sketch. It passesthroughthe origin (i.e. �O� � 0 when�O3 � � 0). At largevaluesof �O3 � , it approachesthelimit k �1 ! k2.
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The "O3 # nullcline is a little morecomplicated.It’ s easyto seethat it hasa negative
valuewhen "O3 # � 0 andalsoat very largevaluesof "O3 # . It’ s positive whenboththe
numeratoranddenominatorarepositiveor whenthey’rebothnegative. Thenumerator
changessign when "O3 # � k0 $ k %1 while the denominatorchangessign when "O3 # �
k % � 1 $ k2. Exactly what the physicallyrelevantpart of the nullcline looks like depends
on which of thenumeratoranddenominatorchangessignfirst, which just dependson
thevaluesof therateconstantsandconcentrationsof O2 andX. Whenthedenominator
changessign,thevalueof [O] onthenullclinetendsto infinity. Thenullclinestherefore
have thefollowing appearances:

[O
]&

[O3]

[O] nullcline
[O3] nullcline, k0/k’1 < k’-1/k2

[O3] nullcline, k0/k’1 > k’-1/k2

Either way, there’s just oneequilibrium point (intersectionof the [O] and �O3 � null-
clines),somethingwhich isn’t guaranteedin anopensystemlike this one.

Now for thevelocityfield. Ourvelocityvectoris v � '
d (O3 )

dt � d (O)
dt * . If �O3 � is smalland

[O] is nottoosmall(in theregionabovethe[O] nullclineandbetweenthe �O3 � nullcline

andthe [O] axis) d (O3 )
dt + 0 while d (O)

dt , 0. d �O � ! dt changessignaswe crossthe [O]

nullcline so in the region boundedby the �O3 � axis andthe two nullclines, d (O3 )
dt + 0

and d (O)
dt + 0. If we increase�O3 � , d (O3 )

dt changessignsoin theregion to theright of the�O3 � nullcline andbelow the[O] nullcline, d (O3 )
dt , 0 and d (O)

dt + 0. That just leavesthe
regionto theright of the �O3 � nullclineandabovethe[O] nullclinewherewemusthave
d (O3 )

dt , 0 and d (O)
dt , 0.

Beforewe startto draw our velocity fields, let’s considerthe divergenceof the field.
Thedivergenceis

divv � � k �1 � k2 �O��� k � � 1 � k2 �O3 � , 0

sothetrajectoriespinchtowardseachothereverywhere.

Althoughtheabove descriptionof thevelocity field appliesto bothcases,we will see
thatwegetdifferentpicturesbecauseof thedifferentshapesof the �O3 � nullcline. Let’s
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startwith thecasek0 $ k %1 - k % � 1 $ k2. Thevelocityfield, shown with thenullclines,looks
like

[O
].

[O3]

Thevelocity field in turn impliesthefollowing trajectories:

[O
]/

[O3]

In this case,it certainly looks like we shouldseea slow manifold. We get the same
kind of nullclinefunnelaswehaveseenin othermechanisms,althoughin asensethere
arenow two funnels,oneto eithersideof theequilibriumpoint.

Thecasek0 ! k �1 + k � � 1 ! k2 is abit different.Herearethenullclinesandvelocityfield:
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[O
].

[O3]

Note that in this case,the velocity field doesn’t force the trajectoriesbetweeninto a
funnel.Eachof thefour regionscreatedby thenullclineshasbotharrowspointinginto
it andarrows pointingout. If you now sketchsometrajectories,yougetthefollowing:

[O
]/

[O3]

It’ s not asclearthatwe’ll geta slow manifold in this case.In fact, I would arguethat
wedon’t, exceptat largevaluesof �O3 � whereat leastthetrajectoriesapproachingfrom
below aremoreor lessforcedto follow the [O] nullcline. (They crossthis nullcline
horizontally, andthevelocity vectorthenpointsdown andto theleft, but thenullcline
is fairly flat at large �O3 � sothetrajectorieshave to parallelthis nullclineprettyclosely
on theway to theequilibriumpoint.)

The moral of this story is that we shouldbe able to usesomethinglike the EA or
SSAfor thismechanismwhenk0 ! k �1 , k � � 1 ! k2, but probablynotwhenk0 ! k �1 + k � � 1 ! k2

unlessonly interestedin experimentswheretheinitial O3 pressureis very large.
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