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1. Theconcentratiorof X is constantsowe just have two variablesa anda*. Therateequa-
tionsare

da .
i —kixa+k_1xa*,
d dE: = kxa—k_ixa* —kpa".

Theequilibriumpointis still (0,0). (Verify thisfor yourself.) Thevelocity vectorv = (&,a*)
hasthe following qualitative patternon the a axis: (—,+). Along thea* axis,v ~ (+, —).

Thetwo nullclinesare

da __ « _ ki
E—O = a =4,

da* __ * kqx
=0 = &=ga

Both of the nullclinesare straightlines passingthroughthe origin. The a* nulicline hasa
smallerslope.Above thea nulicline,a > 0 while below it, thisderivative is negative. Below
thea* nullcline,a* > 0, andnegative above. The velocity field thereforehasthe following
appearance:

a*

a nullcline

a* nullcline




The heary dot marksthelocationof the equilibriumpoint.
We cannow sketchthetrajectoriesshavn assolid linesbelow:

ar _-a nulicline
a* nullcline
a
(@)
d[(is] = ko= ka[X][0g] +k-1[X][02][0] — ko[O3][O]
% = ke[X][0g] — k_1[X][02][O] — ko[03][O]

(b) I'll startby rewriting therateequationsgcombiningsomeof the constants:

d[gtb] ko — Ki[Os] + k_1[O] — ko[O3][O] = 0, (1)
I~ [0y K 4[0] - ko5 0] =0 @

In theseequationsk] = ki[X] andk’ ; = k_1[X][Oz].
We find the nullclinesby settingequationsl and2 to zero.

_ 1/
O3 nullcline: [O]ZW
!
!
O nullcline: [O]zﬁoj]k’l

The [O] nullcline is easyto sketch. It passeghroughthe origin (i.e. [O] = 0 when
[O3] = 0). At largevaluesof [O3], it approachethelimit ki /ko.
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The [Og] nulicline is a little more complicated.It’s easyto seethatit hasa negative
valuewhen|[Oz] = 0 andalsoat very large valuesof [O3]. It's positive whenboththe
numeratomanddenominatoarepositive or whenthey’re bothnegative. Thenumerator
changessign when [O3] = ko/k] while the denominatorchangessign when O3] =
k' ;/ko. Exactlywhatthe physicallyrelevantpart of the nulicline looks like depends
on which of the numeratoranddenominatochangesignfirst, which just dependn
thevaluesof therateconstantandconcentrationsf O, andX. Whenthedenominator
changesign,thevalueof [O] onthenullclinetendsto infinity. Thenullclinestherefore
have thefollowing appearances:

[O] nullcline
[O3] nulicline, ko/ky < k!q/ky --------
[O3] nulicline, ko/ky > Kl q/ky oo

Q]

[O3]

Either way, theres just one equilibrium point (intersectionof the [O] and [Os] null-
clines),somethingvhichisn’t guaranteeth anopensystemlik e this one.

Now for thevelocity field. Ourvelocity vectoris v = (d[dot3], dgt}) If [Og] is smalland
[O]is nottoosmall(in theregionabovethe[O] nullclineandbetweerthe O3] nulicline

andthe [O] aX|s) I > 0 while [ 9 - 0. d[Q]/dt changesign aswe crossthe [O]
d[Os]

nullcline soin the reglon boundedby the [03] axis andthe two nuIIcllnes, 5= >0
and dgt}
(O3] nulicline andbelow the [O] nullclme, [dt] < 0Oand [ 9 0. Thatjustleavesthe

regionto theright of the[O3] nullcline andabove the[O] nuIIcllnewherewe musthave
% <0 and@ <0.
Beforewe startto drawv our velocity fields, let's considerthe divergenceof the field.
Thedivergences

divv = —k’l —ko[O] — klfl —ko[O3] <0
sothetrajectoriepinchtowardseachothereverywhere.

Althoughthe above descriptionof the velocity field appliesto both caseswe will see
thatwe getdifferentpicturesbecausef thedifferentshape®f the[Os] nulicline. Let’s
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startwith thecaseko/k; < k' ; /ko. Thevelocity field, shavn with thenuliclines,looks
like

[0]
e

\

M'/ ~

(O3]

Thevelocityfield in turnimpliesthefollowing trajectories:

[Q]

(O3]

In this case,it certainlylooks like we shouldseea slow manifold. We getthe same
kind of nullcline funnelaswe have seenn othermechanismsalthoughin asensdhere
arenow two funnels,oneto eithersideof the equilibriumpoint.

Thecaseko/k; > K ;/ko is abit different. Herearethe nuliclinesandvelocity field:



0]

I

SN

(O3]

Note thatin this case,the velocity field doesnt force the trajectoriesbetweeninto a
funnel. Eachof thefour regionscreatedyy the nullclineshasbotharrows pointinginto
it andarrows pointingout. If you now sketchsometrajectoriesyou getthefollowing:

[Q]

(O3]

It's not asclearthatwe’ll geta slow manifoldin this case.In fact,| would amguethat
we don't, exceptatlargevaluesof [O3] whereatleastthetrajectoriesapproachingrom
belonv are more or lessforcedto follow the [O] nulicline. (They crossthis nullcline
horizontally andthe velocity vectorthenpointsdown andto theleft, but the nullcline
is fairly flat atlarge [O3] sothetrajectorieshave to parallelthis nullcline pretty closely
ontheway to theequilibriumpoint.)

The moral of this story is that we should be able to use somethinglike the EA or
SSAfor thismechanisnwhenko/K; < k”_; /ko, but probablynotwhenko/k; > K’ ; /ko
unlessonly interestedn experimentsvheretheinitial Oz pressuras very large.



