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Theorem (Ghys, Burger-Monod)

Let [ = subgroup of finite index in SL(3, Z) or lattice in SL(3, R).
If I CHbmeo4(S?1), then Hihite orbit.

Proof of Ghys
@ amenability (Poisson bdry, Furstenberg bdry)
@ ergodic theory (measurable theory of grp actions)

Exercise
[T}inv’t prob meas on S [OI__Tfihite orbit.

Hint: Assume abelianization of T is finite.

| A

Proof of Ghys
[Tlinvariant probability measure on S?t.
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Assume ' [HOmMeo.(S'), I =SL(3,2Z) (attinsSL(3.R))

Key fact (amenability)

_ Furstenberg _ flag _
F = "boundary = variety = t(LAD | I CRF}

[(I_TItequivariant, random map F - S*.
W: F - Prob(SY) T-equivariant, meas’ble.

Proof of Ghys: W constant. (Then w(r) is r-inv't prob meas.) J

Fact (from Moore Ergodicity Thm)

[ is ergodic on F:

@ [-invariant meas’ble function is const a.e.
@ [-invariant meas’ble set has measure O or 1
@ (a.e. orbit is dense)
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Proof of key fact (amenability)

[): F - Prob(S?) r-equivariant, measurable.
(F={(Cam) | CIM[RF})

G = SL(3,R) is transitive on F. El':u:lg
So F CGVP, where P = Stabg(flag) = :'E,

Want ¥: G - Prob(S?1), r-equi, s.t. ¥ (gp) = ¥ (9). ]

Let E = {l-equivariant ¥: G - Prob(S1)}.
@ G acts on E by translation.

@ Prob(S!) CCIS?Y) s compact, convex
[Elis a compact, convex set.

We want P to have a fixed point in E.
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We want P to have a fixed point in cpct, cnvx set E. )

Exercise

Group H is amenable:

@ H acts continuously on cpct metric space X
[T H-invariant prob meas on X.

@ H acts linearly on cpct convex set E [Banach
[T Tiked point in E.

Exercise

P is amenable.

Hint: |S_I°rpw P |srs_ejv@e |:| |:|
» - ol Crbd el © oot o oEdIm} Abelian

guotients
O 0O L1 0 0 1 0O 0 1
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Key fact: [1): F — Prob(S') T-equi, measurable. \
(F={(C1m) | CI1 CRP})

Ghys:  is constant a.e. (DOl |

Observation
Let Watom(X) = atomic part of Y(x), so

l.IJ(X) = l.IJatom (X) + l-IJI’IO atom (X)

Then Watom, Wno atom are r-equi, measurable.

Only two cases:
@ Ww(Xx) purely atomic, X1
@ Y(x) has no atoms, [x1

No need to consider mixed case.
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Case 1. Y(X) is purely atomic.

Assume : F - ST, SO W3! F3 . (Sl)éI
Ps(X,yY,2) = Yx), Y(y) w(z)

Circular order: (S1)3 = X* X1~ [{dingular}.
X* is invariant under Homeo. (S1), so

W31 (X™) is r-invariant subset of F3.
Contradiction if [T}invariant subsets.

More precisely, if [ is ergodic on F3.

Not grgodic — Ghys works with fibere¢-groduct
(F1,F2,F3) CH | My =M=
instead of the cartesian product.
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1 1
Recall. F [GYP, where G = SL(3,R), P = @S%\
1

Theorem (Moore Ergodicity Thm)
[ is ergodic on G/H [ _Hls not compact.

Corollary
[isergodicon F. -
L 111
Stab(F) =P = H carkd  Not compact.
1

Corollary
[isergodicon FP =ExF. _|
Stab(F1, F») = M I Not compact.
1
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1

1
Stab(Fl, Fg) = g:l = \
1

Theorem (Moore Ergodicity Thm)
[ is ergodic on G/H [ _Hls not compact.

[ is not ergodic on F3.
Stab(Fy, Fo, F3) = {#Id} finite.

[ is ergodicon (F1,F2,FFs) CH [ Pe=MN2=N3 .

A0 [
Stabg(F1, F2, F3) = ol A ot compact.
0 0 1/A?
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Case 2. Y(x) has no atoms.

° Probo(Sl)E{u [Plob(S?1) | p has no atoms }.

| [
® Y2: F? » Probo(S') © Wa(x,y)= W03, w(y))
measurable, I-equivariant.

L]

L]
@ d: Probg(S!) “ - R
d(M1,H2) = sup [p1(3) — H2(I)].

J interval
continuous, T-invariant.

Comp@ition d ﬂ)z Is [-invariant; hence const a.e.:
d Yo (X,y) =c, forae X,y [FEI

c = 0. Hint: d Po(x,x) =0. dcontinuous, Lusin’s Thm.
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Kazhdan’s property (T)

Theorem

Thompson’s group T does not have (T). [Reznikov]
In fact, T has Haagerup property. [Farley]

- -
Recall: T [CHomeof" (SY), T CDICYgst) s

Sergiescu

Theorem (Navas)
r DI Iﬁsl), Kazhdan’s property T [T dinite.
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Theorem (Navas)

[ [CDI2(8Y), Kazhdan’s property T [T dinite.

Definition
[ has Kazhdan’s property T:
H(,H) =0, Cunditary I-module H .

l.e.. H = L?(S xS') (square-integrable funcs).
H is Hilber%)ace (normed oco-diR’l vec space)
I:Eli__l: Slxgl F(S,t)z dS dt

Spse I' acts on H by unitaries ([E¥[= [EI1)]
a:T - H isa1l-cocycle (a(gh)=a(g)"+ a(h))
[Cadis a coboundary (DMILCH, a(g) =vY —v).
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Navas: I [DI2(81), property T [T Hinite. ]

For F [T4(S* x87) and g

F9(r,s) =F g(r),g(s) [g"r)I*/21g's)|>.
This is unitary rep’n of I on L2(St x S1).

Let F(r,s) = F(r —s) on St xS, f(x) = = + C*.

@ F CLF(Stxsh (bcs 1/x singularity)

e [g I DIC(BL), F9 —F is bounded.
Define a(g) = F9 —F [CL3(St x SY)).
a is a cocycle, so, by Kazhdan’s Property T,

[ [CT3(St=xSY),FI—F =v9—v.
Then F —v isT-invariant and
F—v Eﬂ(Sl x Sl) (1/x singular on diag)
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Let u = (F —v)?drds, so
@ p is l-invariapt measure on St x st
[ool iIf touches diagonal

° t) =
H(rect) Lfidite if away from diagonal

Choose g [T lhas a fixed pt.
Pass to triple cover, R,
so g has = 3 fixed points:
g(@=4ag()=b,g(c)=c.| LI
For x [(@&,b), [ 1
e asn - oo ¢
lalasn - —o

limg"(x) =

- [
Rn= a,g"(x) x(b,c)

Dave Witte Morris (Univ. of Lethbridge) Using left-invariant orders (Lecture 3) Luminy, June 2008 14711



] ]
Rn = a,%(x) < (bpe). R,

g(Rn) = a,g"*(x) x(b,c) i
= Rn+l |
| § g Ig””(x)
d(Rn) = Rn+1 s

L HRA) = H(Rn+1)

I%+1 —Rp) =0

00 T_XRn+1— Rn)
ﬂ— [ele)

]
Ll(a b) < (b,c) =0
- - (a, b) x (b, c) touches the diagonal.

IID
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