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Abstract

We will discuss the status of the search for hamiltonian
cycles in circulant graphs and circulant digraphs. Cir-
culant graphs have many hamiltonian cycles, but recent
joint work with Joy Morris and David Moulton uncovered
a nontrivial parity condition that restricts the hamilto-
nian cycles in certain cases. A different parity condition
arose in joint work with Stephen Locke that constructed
infinitely many circulant digraphs with no hamiltonian
cycles. The case of digraphs remains largely open.

Defn. Circulant digraph Circ(n;S) nez,Sct.
e vertices = elements of Z,,
e directed edge from x tox +s fors e S.
(Notation: x >y if y = x +5.)
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Circ(n;S) = Circ(n;S) =
Lem. Circ(n;S) = Circ(n; rS) ifged(r,n) = 1.

(Notation: Circ(n;S) XET Circ(n;rS).)

Proof. x 2 v in Circ(n;S) < rxgry in Circ(n;rS).
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Defn. Hamiltonian cycle:
e visit each vertex exactly once
e end the same place you started.
(Must travel correct direction on each edge.)

Prop. 3 hamiltonian cycle in Circ(12;3, 4).
Proof. Suppose H is a hamiltonian cycle.

Say vertex x travels by 4.

Then x + 1 cannot travel by 3 (collision at x + 4).
So x + 1 must travel by 4.
By induction, every vertex travels by 4. ——

So no vertex travels by 4. They all travel by 3. -~

Also: 3 ham cyc in Circ(n;a, b) if b — a rel prime to n
and gcd(a,n) = 1 and ged(b,n) * 1.

The undirected case.

Exer. Every circulant graph has a hamiltonian cycle.
(Ignore the directions on the edges.)

In fact, Cay(n; S) has many hamiltonian cycles (usually).

Assumption. Circ(n;S) is connected.
Le., gcd(n, $1,52,...,8) = 1.

Eg. Circ(12;3,4) has a ham cyc if we ignore directions.
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Ques (Alspach).
Are there restrictions on the weights of ham cycs?
Eg. Consider Circ(12;3,4). Put

e weight 1 on each 3-edge,

e weight 2 on each 4-edge.

Let H be the hamiltonian cycle from above:
0242832117336 21022 2521 9 20

wWt(H)=2+2+1-2 -2 +1+2+2+1-2 -2 +1
=4,

Eg. Consider Circ(12;3,4).
Let weight of every edge be +1 = 1 (mod 2).

For any cycle C, wt(C) = #edges in C (mod 2).
eC:0242820 =S wt(C)=3#0 (mod 2).
e H = any ham cyc = H has 12 edges
=> wt(H) =12 =0 (mod 2).

This is a (nontrivial) restriction on the wts of ham cycs:
e some cycles have weight £ 0,
e but every ham cyc has weight = 0.

Similar restriction for Circ(n;S) if n is even
and some cycle has an odd number of edges.
Let’s call this the bipartiteness restriction.

Thm (Morris®-Moulton, Alspach-Locke-Witte, L-W).
# nontrivial restrictions on the weights of ham cycs
(except perhaps the bipartiteness restriction)
ifnisoddor#(Su-S) ¢ {3,4}.
Le., for any weighting w and any integer m
3 cycle C, s.t. wt(C) # 0 (mod m),
= 3 ham cycle H, s.t. wt(H) # 0 (mod m).

Rem. We found all restrictions (usually none).
L.e., we determined which flows are sums of ham cycles.
Usually, every (even) flow.

Eg. Consider an exceptional case with #(S U —S) = 4.

Thm (Morris®-Moulton). Consider Circ(n;a, b). Assume
e a is odd,
e b is even,
en =2 (mod 4).
Put weight
e 0 on each a-edge x Lx+a,
e (—1)* on edge x Lx+b.
Then wt(ham cyc) = 0 (mod 4).

(Cycle O—i’»b —‘;»a+b_—lh»a_—0a-0 has weight 2 # 0.)

There are many hamiltonian cycles;
not obvious that wt(H) is always divisible by 4.

Use a more geometric definition of wt(even cycle).

Define “imbalance” of C:
e vertices not on C colored black/white (certain way),
e imb(C) = (#black) — (#white) (mod 4).

Key fact. wt(C) =len(C) + imb(C) — 2 (mod 4).
e Prove for directed cycles.
e Any cycle can be modified to a directed cycle

without changing wt(C) — (len(C) +imb(C) —2).

Proof of Thm. wt(ham cyc) = 0 (mod 4).
elen(H) =n =2 (mod 4).
eimb(H) =0 (#black = 0 = #white).
>wt(H)=2 +0 -2=0. []

The directed case.

Recall.
e Circ(12;3,4) has no ham cyc.
e Circ(n;a, b) has no ham cyc if gcd(a — b,n) = 1.

Thm (Rankin). Circ(n;a, b) has a ham cyc =N
3s,t €270 st.s+t=ged(a—b,n) =ged(sa +th,n).

Conj. Circ(n;S) has a hamiltonian cycle if #S > 3.

Problem. Does Circ(n;a, b, c) have a hamiltonian cycle?

Eg. Circ(12;3,4,6) has no hamiltonian cycle.

Eg. Circ(n;a, b, c) with no ham cyc and n < 48.

Circ(12;2,3,8)
Circ(12;3,4,6)
Circ(18;2,3,12)
Circ(18;2,6,15)
Circ(20;2,5,12)
Circ(24;2,3,14)
Circ(24;2,9,12)
Circ(24;3,4,16)
Circ(28;2,7,16)
Circ(30;2,3,18)

Circ(30;2,6,21)
Circ(30;2,9,24)
Circ(30;2,10, 25)
Circ(30;3,10,18)
Circ(30; 5,6, 20)
Circ(36; 2, 3, 20)
Circ(36; 2,9, 20)
Circ(36;2,15,20)
Circ(36;3,8,18)
Circ(40;2,5,22)

Circ(40;4,5,24)
Circ(42;2, 3,24)
Circ(42;2,6,27)
Circ(42;2,7,28)
Circ(42;2,12,33)
Circ(42; 2,15, 36)
Circ(42;2,18,39)
Circ(42; 3,14,24)
Circ(42;6,7,28)
Circ(44;2,11,24)

n is even. Sometimes n/2 € §:

Circ(12;3,4,6)

Circ(24;2,9,12)

Circ(36;3,8,18)
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Circ(12;3,4,6)
n =12k

Circ(24;2,9,12) Circ(36;3,8,18)

Circ(12;3,4,6) (;1) Circ(12;9,8,6)
(=
= Circ(12;6,8,9)
Circ(24;2,9,12) ;7 Circ(24;14,15,12)
X
= Circ(24;12,14,15)
Circ(36; 3, 8,18) ;7 Circ(36;21,20,18)
X
= Circ(36;18,20,21)

Thm (Locke-Witte).
Circ(12k; 6k, 6k + 2, 6k + 3) has no hamiltonian cycle.

Circ(12;2,3,8) Circ(18;2,6,15) Ciret24;2,912)
Cired2: 34,6 Circ(20;2,5,12) Circ(24;3,4,16)
Circ(18;2,3,12) Circ(24;2,3,14) Circ(28;2,7,16)

Circ(12;2,3,8) 12/2=6=8-2.

Circ(18;2,3,12)
Circ(18;2,3,12) ;

= Circ(18; 15 16 6)

18/2=9=12-3.
Circ(18;16,15,6)
6-15=-9=09.
Circ(18;2,6,15) = Circ(18;6,2,15) -6 = 14.
2-15=5. 5x11=55=1 (mod 18)
Circ(18;2,6,15) x;n Circ(18;4,12,3) = Circ(18;3,4,12)

Circ(2k; a,a + 1,a + k)

Circ(2k;a,a + 1,a + k)

Circ(12;2,3,8) Circ(18;3,4,12)
-Cire(12;3;4,6)> Circ(20;14,15,4) Circ(24;20,21,8)
Circ(18;15,16,6) Circ(24;2,3,14) Circ(28;6,7,20)
Prop. Circ(2k;a,a + 1,a + k) has no ham cycle =
e gcd(a,2k) + 1,
e gcd(a +1,2k) =1,
e a+k is even.

Thm (Locke-Witte). Converse is true.

Eg. No ham cyc in Circ(18;15,16,6).

Eg. No ham cyc in Circ(18;15,16,6).

Define G c Circ(18;15,16,6):
e X even = xl—(ﬁx + 16 in G,
-xodd:xﬁ»x+6inG.

{3}

Note. G Consists of Cycles
« 0201601412910
glglo41021%
1575138
«3210%1623
e52112%17%5
The number of cycles is even.
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Define G c Circ(18;15,16,6):
-xeven:xl—téx+161nG,
-xodd:xgx+6inG.

Note. x travels by 16 ¢ x + 9 travels by 6.

Key fact. H any ham cyc =
x travels by 16 ¢ x + 9 travels by 6 or 15.

Lem. Any G, G> C Circ(18;15,16,6)
s.t. x travels by 16 ¢ x + 9 travels by 6 or 15
(and each x has one edge in and one edge out)
= #cycles in G, = #cycles in G, (mod 2).

#cyclesin G = 0. #cyclesin H = 1.

Research Problems
Conj. Circ(n;S) has a hamiltonian cycle if #S > 3.
Problem. 3 Circ(n;a, b, c) with no ham cycle and n odd?

Problem. Locke-Witte: infinitely many examples of
Circ(n;a, b, c) with no ham cycle. Are there others?

(Only verified completeness to n = 100.)

Problem. Does Circ(n;a,b,—b) always have a ham cyc
ifb+n/2?
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