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Eg. G = SL(2,R) is transitive on X = R — {0}.

(So X is a homogeneous space.)

Let F' = unit circle (compact).

Vge G, gFNFE #J(.

There is a compact subset of X that cannot be
moved disjoint from itself.



Vge G, gFNFE #J.
Group-theoretic restatement.
. : 1Y . 1
Stabilizer of point v = (O) is H = (O 1)
so X 2G/H.
Let C' C G (compact) with Cv = F.

04 gFNEF=gCvNCv=gCHNCH
= gcrhy = coho
= gec CHC™1

Defn. H is a Cartan-decomposition subgrp (CDS):
e J compact C' C GG, such that G = CHC
e /1 is closed and connected.

Rem. C is only a subset, not a subgroup.

Can C always be chosen to be a subgroup?
(I think not.)



Motivation. Tessellation:

symmetric tiling of a homogeneous space X.

V tiles 17,15, 3 isometry o,
qb(Tl) = T2 and qb(tlle) — tile

Let I' = symmetry group of the tessellation.
Any tile is a fundamental domain for I"\ X.
So I'\ X is compact
and I' acts properly discontinuously on X.

Defn. T' acts properly discontinuously on X:
Vcpet FFC X,
{~veT |~vFNF #(} is finite.

(In particular, all orbits are discrete.)



Conversely: if

e [' C Isom(X),

e I\ X is compact and

e ' acts properly discontinuously on X,
then translates of any fund domain yield a tess.

G = SL(n,R)
= (Zariski) connected, almost simple Lie grp
H = closed, connected subgroup of GG

Question. Does G/H have a tessellation?
I.e., is there a discrete subgroup I' of G, such that
o I' acts properly discontinuously on G/H ;

and
e '\G/H is compact?



FEasy examples.
If G/H is compact: let I' =e.
If H is compact: let I' be a lattice in G.
Defn. T is a (cocompact) lattice in G:
e [' is discrete
e ['\G is compact.

A. Borel proved there is a lattice in every simple G.

Assumption. Neither H nor G/H is compact.

Therefore I' must be infinite

and ' cannot be a lattice in G.

Prop. H is a Cartan-decomposition subgroup
= G /H does not have a tessellation.

Proof. Acpct F C G/H,st.Vge G, gFNEF # ()
=T={yel|yFNF #0)} is finite. —+«



G = SL(n,R)

K =S0O(n) rotations (compact)

*
A= . diagonal
\ Y
( 1 *x % %
1 x  x
N = , upper triangular

L
\ 1/
Cartan decomposition. G = KAK

so A is a Cartan-decomposition subgroup

Fact. G = KNK |[Kostant]
so N is a Cartan-decomposition subgroup
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Prop. FEwvery (connected, noncompact) subgrp H
of SL(2,R) is a Cartan-decomposition subgroup.

Cor. No (interesting) homogeneous space of

SL(2,R) has a tessellation.

Proof of proposition. H contains either A or N
(or a conjugate).

Better proof.

A—l—
€ P————————————————
pe)=e,  lim p(h)=oc = u(H) = A*

h— oo

le, A" Cc KHK.
So G=KAYK c KHK.

Rem. p(H)= A" & KHK =G
= H is a CDS.

Same proof. R-rankG =1 = H is a CDS.



Given g € G.
G=KAK = dae€ A, st. g€ KaK.

But a is not unique
ay > as >0 }

et 4t ={ ()
a9 a1 — 1

= “positive Weyl chamber.”

Then Jla € AT, s.t. g € KaK.

Defn (Cartan projection). u:G — AT
by g € K pu(g) K.
(4 18 continuous and proper.



H is a CDS
< depet CC G, GCCHC
& Jepet CC G, AT CcCu(H)C

Can take C to be in A!
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Thm (Benoist, Kobayashi). H is a CDS iff
u(H) comes within bdd distance of every pt of AT
i.e., 3 epct C C A, s.t. u(H)C D AT,

Not every subgroup of SL(3,R) is a CDS.
Eg. dim H =1 = H is not a CDS.

/

\
/

aj
as

as

= {(s,t) € (RT)*

N

a; > az > az >0
CL16LQCL3:1

\

t/s c AT
1/t

/

)€ (RT)* |s>t/s > 1/t}
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Thm (Benoist, Kobayashi). H is a CDS iff
w(H) comes within bdd distance of every pt of AT

Cor. dimH =1 = H is not a CDS.

1 * %
Cor. H = 1 0| 28 not a CDS.
1
| 1 0 =
1 .
er( SO(2)>’k hk € 1 (1) =U

So p(H) = p(U).



(/1 \
u,v € R » s a CDS.

\ /

= &

Prop. <

— 2 <

Suffices: p(H) within bdd dist of every pt of 0A™.

[Does not work for SL(4,R) (or R-rankG > 2).]

Actually only need one wall.

(h near one wall = h™'! near other wall.)
This is special for SL(n,R), not other G.
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How to calculate u(h).

( )
S

AT = t/s Vs <t<s® )
1/t

4
For a € A™:
Sa = ||al| 2
to ~ [la™"||
2 4
For g € G: |

Su(g) = lu(g)ll = [k1gka|l = [|g]|
—1 —1
tu(g) & Hu(g) I=llg~"

),

Thus, 1(g) < (llgll; llg

~ (|u|,u”) is near a wall.

I uw O
SO [ I wu
1



Thm (O-W).
FEvery CDS of SL(3,R) contains a conjugate of:

(max{p,q} =1, min{p,q} > —1/2), or

e’ cospt  e'sinpt S
—e'sinpt €' cospt r r,s,t € R
0 0 e %t

(p #0).

( [ePt  r
3 0 e? r,teR 3,
0 0 e PTo)t




Thm (Benoist, O-W). If G = SL(3,R),

then G/H does not have a tessellation.
[Benoist proved for H = SL(2,R).
Same method for other subgroups.]

In general [Benoist|, for R-rankG = 2:

3 representations p; and ps of G,
s.t. 11(g) = (llpr(9)ll; p2(9)Il)-

Walls are given by ||p1(g)|| = ||p2(9)
Eg. G =SL(3,R).

pi(g) =g,  p2(g9)= (g ")
c1=1/2,  cg=2

Cq

Eg. G =S0(2,n) or SU(2,n).

pi(g) = 9, p2(9) =g Ng
61:1, 62:2



16

o9
SO(2,n) = Isom (vlvn+2 + VoUn1 + Zizg vi)

¢ x N 0 \)
( /7’1 o ! _77T\
a+n=>~ 0 —y! —x >
— T2 _Qb)
\ \ —T1 /

—2
t17t27¢777 < R? T,Y € R™

o o+f3 o+2f3
X N
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Thm (O-W). H C N is a CDS if
o dimH =2, uy493 Ch, Juch s.t. ouyu # 0;

or
o dimH > 2,

e Ju € b s.t. dim{(py,Ty), (0,y,)) =1;
e Juv € b s.t. either

o dim((¢y,2y),(0,y,)) =2 or
o y, =0 and ||z,||* = —2¢un0.

Thm (O-W). H C N is not a CDS if
o dimH < 1; or
o Vueh, ¢, =0 and dim(x,,y,) # 1; or
o Vueh, ¢, =0 and dim{x,,y,) = 1; or

e 3 Xy CR" 2 20€ X, 2’ € X5, n0 €R s.t.
o |lzoll* — [|="||* — 2m0 <0,
eVuch, y, =0, z, € o2 + X,
and 1y, = ¢uno + To - T.



For u € n, exp(u) =

Lo oa+ nqﬁl?j
6
Ly _Hy2H2
Id —yT
1
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Thm (Kobayashi). H, L C AN and L C CHC.
Ifdim L > dim H, then G/H does not have a tess.

Thm (O-W). H C AN, dim H > 2.
If AL C AN, s.t. LC CHC and dim L > dim H,
then

e H~SO(1,n)NAN; or
e H~LsNAN; or
e n ecven and H ~ Hp; or

e n odd, dimH =n—1, SU(1,251) c CHC.

Proof. Inspect list of non-CDS subgroups, com-
pare image of Cartan projection.

Eg. Vh € SU(1, [n/2]), we have u(h) = ||h]|*.

If 3h,, — oo in H, s.t. pu(hy) = ||hnl?,
then 3 cpct C' C G with SU(1, |n/2|) Cc CHC.



Ls = PSL(2, R)
= image of 5-dim’l rep of SL(2, R).

y

hp = <

\

7 0 T
T B(x)

U
0

0
i
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r € R*Mm—2
t,nelR

B:R" % — R™ 2 has no real eigenvalues



e H~SO(1,n)N AN
n even: G/H has a tess [Kulkarni]
(' c SU(1,n/2))
n odd: G/H has no tess [Kulkarni]

o H~LsNAN
L5 is tempered in G |Oh],
so G/H has no tess [Margulis]

eneven and H ~ Hp
G /H has a tess
(' € SO(1,n))
special case [Kulkarni]: SU(1,n/2) N AN

e nodd, dimH =n—1, SU(1,2+%) C CHC.
Conj. G/SU(1, - )has no tess 777
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