§2.3: APPLICATION OF BOST’'S THEOREM TO SUBGROUPS OF ALGEBRAIC GROUPS
(NOTES FOR THE CLASS OF FARB-KISIN)

DAVE MORRIS

Theorem (Bost’s Theorem).

« X = (smooth, connected) algebraic variety over number field K,

= F = involutive subbundle of tangent bundle Tx that is def’d/K,

= L = leaf of the corresponding foliation (s.t. L has Liouville property)
If F mod p is stable under pth power, for a.e. prime p of Ok,
then L is an algebraic subvariety of X (defined over K).

Let G be an algebraic group over a number field K, i.e.,
< Gisagroup,
= G is an algebraic variety / K, and
« the group operations G x G % GandG" G are regular functions
(in local coordinates, they are polynomials — or rational functions).

rse

(Algebraic geometer’s version of a Lie group or topological group.)

Remark.
e G(C) is a complex Lie group.
- If K [R] then G(R) is a real Lie group.
= Will usually assume G is connected (but neglect to say).

Two Main Cases.
(1) G is a projective variety
(OI"_Glcommutative
(so called “abelian variety”)
(2) G is an a Cnelariety
(Gl CGI,(C) for some n (closed embedding, defined over K)
(called “a Cneklgebraic group” or “linear algebraic group”)

General case (which “never” arises) is a combination of these two:
[NI1G] N a [nebnd G/N projective.

Example. Some a [Cnelgroups:

- SLn = {¥}detX =1},

—i— 1 1

1
unip=H 1 B x BTl >e2=1xs=1,
21=0,%31=0,%X32=0

1
- -
C1
- Diag = HH 1 Hdsn,,
-
- .

C I 1C 1
Borel = % :IE% Diag x Unip,
1

SOn :%ﬂ XtX = |}I.:I

GLn = EA =" Sln+1,

detA
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- -
Gl,, [ [

e parabolic P = E' GLn, I:Elﬂn.

Gln,
Each of these is a subgroup that is defined by polynomial equations in the matrix entries.

Notation.
g = Lie algebra of G
= {left-invariant vector fields on G} [X,Y]=XY =YX
[TdG.
E.g.,
« Lie alg of GL, = gl,(C) :%atnxn(clj__l X, Y]=XY —-YX
0O [

< Lie alg of Unip = unip = EI 0
0

e Lie alg of SL, =slh(C) = {X [Mhth«xn(C) | trace X =0}

Remark.

« H is a Zariski-closed subgroup of G [I_hl[g ILie subalgebra).

e H; =H; [O1hj = h,. (for H; connected, char K = 0)

e G defined / K [T _ghas K-structure (i.e., well-defined K-points gk [g)l
(As vector space, g LCT', such that gx maps to K".)

Recall.
= In Lie theory:
connected Lie subgroups of G = Lie subalgebras of g

< In theory of algebraic groups:

Zariski-closed subgroups of G T oLie subalgebras of g

usually not onto
Lie subalgebras in the image are algebraic
1 1 1 1

1 1
Example. Let G =C* xC* = 1 Glz. Theng = — - Mht2x2(C) [C?t.
The algebraic subalgebras of g are precisely those that are defined over Q.

Proof. Suppose h ={(z,az) | z LCI}, and h is the Lie algebra of some Zariski-closed H [GI
Say H = {(e?™Z,e?miaz) | z [CI}, for some a [Tl

Since H is algebraic, the projection to the first factor of G must be finite-to-one.

Thus, there is some n [CZ]such that e2™9" =1 Soa QL

Corollary (Bost). Let h be a Lie subalgebra of g (defined/K).

h is the Lie algebra of some Zariski-closed H [CGl(def'd/K)
[T Tho, mod p” is closed under pth powers, for a.e. prime p of Ok.

Application (Kronecker’s Theorem). a [Klis rational [T—modp [CEY, for a.e. prime p of Ok.
Proof. (D@t G=C* xC*,andh={(z,az) |z CCl} [gl

By assumption, a mod p [E3, for a.e. prime p of Ok; so aP = a (mod p).
Thus, for any z Ok, we have

(z,az)P = I%L’ (dZ)pI::I (zP,aPzP) = (zP, azP) [hgd, (mod p).

So Bost’s Corollary implies h is algebraic.
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Proof of the corollary.
( ODh1Cgls a vector space of left-invariant vector fields on G; it defines a subbundle of TG.
At each point, the distribution is tangent to a coset of H, the Lie subgroup of G associated to h.
The exponential map C™ [Chl- H [Glis holomorphic, and is biholomorphic in a neighborhood of 0.
Since C™ has the Liouville property, this implies that H also has the Liouville property.
So Bost’s Theorem implies that the leaf H is Zariski closed (and defined over K). U

Bost’s Corollary in the case of linear groups

Remark. Since G [GIl,(C), we may assume G = GLn(C).
Then h gl (C) [Mbthxn(C) (with [X,Y] = XY — Y X). And hx = h n Matxn(K).

Lemma. The pth power operation on hg, mod p coincides with raising a matrix to the pth power.

Proof. Let Y [(Ak modp) [Mhat,~n(k) and ¥ CKJH] (where k is the residue field Ox/p).
We have

90 [
(df) () = af 1+tY E%O.
Letting Y be the left-invariant vector field with Y, =Y, we have

~ ] ] ] 1 ] 1
(THA) = Y(LaF) (1) = ALAT) (V) = 2 (Laf) T+1Y [%f 25 Ax +tv)%o.

Thus,
.l oP ] E%
YPF ()= —————F 1 +t1Y)(I +t2Y) - - - (I +tpY :
M ot 0ty - - - Oty ( 1Y)( 2Y) ( pY) toto,... tp=0
~ LJ C]
Since YP is a derivation, we know YPT (1) depends only on the linear part of ¥. Therefore
L O] aP | [%
YPF ()= ———(df I(+uY)(IT+Y) - - (I +tY
n atlatz---atp( N I( 1 )(I:I 2Y) ( pY) 120
=coe [ciehtof t1to - - - tp in (dF); (P +Y)(I+Y)--- (1 +1pY)
=df(YP)
= (YRF)(1). O

So we have a concrete understanding of what it means to say that h mod p is closed under pth powers. We would
also like a better understanding of the condition that h is the Lie algebra of a Zariski-closed group (that is defined
over K).

First, let us note that there is no issue about H being defined over K; the only question is whether H is Zariski
closed:

Proposition. Let h be the Lie algebra of a connected, Zariski-closed subgroup H of GL,(C). The following are equivalent:

(1) H is defined over K.
(2) his defined over K.

Remark. Let V be a vector subspace V of C". The following are equivalent:
(1) V is defined over K.

(2) V is defined by polynomial equations with coe [Cciehts in K.

(3) V is defined by linear equations with coe [ciehts in K.

(4) V is spanned by vectors in K",

(5) VnK"isdenseinV.

(6) V is stable under Gal(C/K).

Furthermore, a connected, Zariski-closed subgroup H of GL,(C) is defined over K i [CHi is Zariski dense in H.

Given a Lie subalgebra h of gl,(C), Lie theory provides us with a corresponding closed, connected subgroup H of
GLnh(C). In general, H may not be Zariski closed, but there are only two obstructions to this.

Recall (Levi decomposition). From the theory of Lie groups, H = L x R, where
< L is semisimple (= almost-direct product of simple groups) (a Levi subgroup), and
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< R is a solvable, normal subgroup (the radical).
Equivalently, h =1 x r, with | semisimple and r solvable.
1 11

GL 1 ] SL — I%II 1 1 —

ni Ny nixnj

Example. Parabolic = % GLn, CE El SLn, I_;Q I% A2 ln,xn, 1 EI
Gln, SLns Az lngxn,

Remark. If H is Zariski closed, then L and R are Zariski closed.

Recall (Lie-Kolchin Theorem). R is conjugate to a group of upper-triangular matrices.
That is, we may assume

C1 L1
) N | N | N | -
[ B | |

LI
L1

pe.

Diag x Unip.

Thus, r [Cdihg X unip.
For algebraic groups, the Levi decomposition can be refined, by decomposing R:

Theorem. Suppose R is a connected, Zariski-closed subgroup of Diag x Unip.
Then R =T x (R n Unip), where T is conjugate to a subgroup of Diag (i.e., T is a torus).
I%II — I?I 1 IiI:I
Ni>xXNjp 1Ny
Example. In the above parabolic, R = % A2, xn, l% % In,xn, :IE'
)\3|n3xn3 |n3><n3

Now, here are the two obstructions:

Corollary. his algebraic i Cafter replacing it by an appropriate conjugate, we have

(1) r=(r ndiag) x (r n unip), and

(2) r ndiag is a Q-subspace of diag.
Remark. The second obstruction amounts to the well-known fact that any connected, Zariski-closed subgroup of Diag
can be defined by a system of equations of the form

x%‘x%‘---xrﬁzl,

where [ ]1[2]..., [R1Z1 (The case n = 2 was proved in an example above.)

The first obstruction can be restated as the fact that Zariski-closed subgroups contain the Jordan components of
their elements.
Lemma (Jordan decomposition).

(1) Any x [CMBthxn(C) can be written uniquely in the form X = Xs+Xn, where X is semisimple (i.e., diagonalizable),
Xn is nilpotent (i.e., (xn)k = 0 for some k [[N), and XgXn = XnXs.

(2) Any x [CGL,(C) can be written uniquely in the form x = XsX,, where Xs is semisimple (i.e., diagonalizable), %,
is unipotent (i.e., (xy — 1)X = 0 for some k [Nl i.e., the only eigenvalue of X, is 1), and XsXy = XuXs. (Namely,
let Xy = 1 + (Xs) 1Xn.)

Theorem. Assume H is Zariski closed.

(1) For all h CHl, we have hg, hy [CHL
(2) For all x [Chilwe have xg, X [hl

So Bost’s Theorem in the case of linear algebraic groups can be stated as:

Proposition. Let hg be a Lie subalgebra of gl (K).
If ho, mod p is closed under pth powers, for a.e. prime p of Ok, then

(1) hk contains the Jordan components of each of its elements, and
(2) if, in addition, hx [dihg, then hk is a Q-subspace of diag.

Remark. The second part is a generalization of Kronecker’s Theorem discussed above.

Exercise. Prove this proposition from scratch, without using Bost’s Theorem.
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An application of Bost’s Theorem to elliptic curves

Bost’s theorem has a nice application to elliptic curves that are defined over Q. (An abelian variety that is one-
dimensional is called an elliptic curve.) It is a special case of the Faltings Isogeny Theorem, which is a general result
for all abelian varieties over number fields.

Throughout this section, E; and E; are elliptic curves over Q; E; and E; are elliptic curves over Fp.

Definition. E; is isogenous to E; if there is a finite homomorphism from E; to E».
Corollary. E; isisogenous to E; [1—EE;(Fp) = #Ex(Fp) for a.e. p.
Idea of proof. ([ Well known (and can be obtained from our proof of the other direction).

( D&t h be a one-dimensional subspace of e; [ezl(not e; A} or {0} [Cel).
It su Cced to show that h is algebraic, for then H [CE] % E5 is isogenous to both E; and Ey, via the projection maps
(and isogeny is an equivalence relation for curves).
Thus, we wish to show h mod p is closed under pth powers, for a.e. p.
Since E; is one-dimensional, [Aj [CEJ3, DP = A;D for all D Cedmod p.
We wish to show A; = Ay, for then the pth power map is a scalar on (e1 [€2)) mod p, so every subspace is invariant.
Because #E1(Fp) = #E2(Fp), this is immediate from the following proposition. O

Proposition. Aj =1 —#Ej(Fp) (mod p).

Proof. Let E' =2 Jac(E) be the dual of E.
Now the tangent space of E "(Infinitesimal deformations of the trivial line bundle) can be identifieghyvith qu—E, Og).
Thus, the Lie algebra of E can be identified with H1(E, Og) (since E is isomorphic to E 5¥ia x CII[x] — [0] ).
The Frobenius acts on E, so it induces an action on H1(E, Og) el
Let us assume this can be identified with the pth power map on e.
The eigenvalue A of Frobenious on HY(E, Og) is called the Hasse invariant of E.
It enters into a Lefschetz Trace Formula for the number of fixed points of F:

#E(Fp) = # fixed points of F on E = %)k?race on HSR(E)EEI 1-A+p.
k=0
So A =1—#E(Fp) (mod p), as desired. O
Appendix A. Basic facts on algebraic Lie subalgebras of linear groups
Proposition. Every Lie subalgebra of unip is algebraic.
Proposition. Every semisimple Lie subalgebra of gl,,(C) is algebraic.
Proposition. If H is a Zariski-closed, and ¢: H - GL(V) is a regular homomorphism, then ¢ (H) is Zariski closed.
Proposition. If A and B are Zariski-closed subgroups of GL,(C), and AB is a subgroup, then AB is Zariski closed.
Corollary. his algebraic i [rad h is algebraic.
Corollary. If his any Lie subalgebra of gl,(C), then [h, h] is algebraic.
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