
Classical Analytic Theory of L-functions

Lecture 4: Applications

Amir Akbary

1 The Prime Number Theorem

Theorem 1 (Wiener-Ikehara Tauberian Theorem) Let f(s) =
∑∞

n=1 an/n
s, with

an ≥ 0, and g(s) =
∑∞

n=1 bn/n
s be two Dirichlet series with |bn| ≤ an for all n. Assume

that f(s) and g(s) extend analytically to <(s) ≥ 1 except possibly at s = 1 where they

have simple poles with residues R and r (which may be zero) respectively. Then∑
n≤x

bn ∼ rx,

as x→∞.

Proposition 2 Let f be a normalized eigenform of weight k and level N . Then∑
n≤x

|af (n)|2 ∼ rx,

where

r =
12(4π)k−1

N(k − 1)!
∏

p|N(1 + 1
p
)
〈f, f〉,

and
∞∑
n=1

bf (n) ∼ π2

6

∏
p|N

(1− 1

p2
)rx,

where

bf (n) =
∑
n=d2m
(d,N)=1

|af (m)|2.
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Proof This is a direct corollary of the Tauberian Theorem and calculation of the

residues of L(f × f, s) and L(f ⊗ f, s) at s = 1. �

Proposition 3 Let f be a normalized eigenform of level N and weight k. Then∑
p≤x

λf (p) log p = o(x).

Proof With notation of Lecture 2, we have

−L
′

L
(f, s) =

∞∑
n=1

Λf (n)

ns
,

where Λf (n) = (α1(p)k + α2(p)k) log p if n = pk, and Λf (n) = 0 otherwise. Since

Ramanujan-Petersson conjecture is true in this case, we have

|Λf (n)| ≤ 2 log n.

By non-vanishing result of Lecture 2, −L′

L
(f, s) is analytic at s = 1. Also − ζ′

ζ
(s) =∑∞

n=1
logn
n

has an analytic continuation to the whole complex plane with an exception of

a simple pole at s = 1. So by the Tauberian Theorem∑
n≤x

Λf (n) =
∑
p≤x

λf (p) log p+
∑
pα≤x
α≥2

Λf (p
α) = o(x). (1)

Now let

θ(x) =
∑
p≤x

log p.

(This should not be confused with the theta function.) Then we have

|
∑
pα≤x
α≥2

Λf (p
α)| ≤ 2

∑
pα≤x
α≥2

log p = θ(x1/2) + · · ·+ θ(x1/r),

where r is as large as log x. Since θ(x) ≤ x log x, we conclude that

|
∑
pα≤x
α≥2

Λf (p
α)| �

√
x log2 x.

Now applying this bound in (1) implies the result. �
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2 The Prime Number Theorem With the Remainder

Complex Analysis 4 ( Perron’s formula ) Let x > 0, a > 0, T > 0. Let f(s) =∑∞
n=1

an
ns

be a Dirichlet series absolutely convergent in <(s) > a − ε. Then if x is a

non-integer ∑
n<x

an =
1

2πi

∫ a+iT

a−iT
f(s)

xs

s
ds+O

(
xa

T

∞∑
n=1

|an|
na| log x

n
|

)
.

Exercise 5 Show that
∞∑
n=1

log n

na| log x
n
|

= O

(
1

(a− 1)2
+ x1−a log2 x

)
,

where 1 < a ≤ 2 and x is a half-integer (i.e. x = 2k+1
2

for an integer k ). The implied

constant is absolute.

Exercise 6 For t > 1 and 1− c

log (Nk(|t|+ 3))
≤ σ ≤ 1 +

c

log (Nk(|t|+ 3))
, we have

L′

L
(f, σ + it)� log (Nk(|t|+ 3)).

Here c is the constant coming from the almost zero-free region.

Theorem 7 (Moreno) Let f be a normalized newform of level N and weight k. Then

there exists an absolute constant c > 0 such that L(f, s) has no zero in the region

σ ≥ 1− c

log (Nk(|t|+ 3))

except possibly one simple real zero β < 1. Moreover,

∑
p≤x

λf (p) log p = −x
β

β
+O(

√
Nk x exp(−c1

√
log x))

for x ≥ 2, where c1 > 0 and the implied constant is absolute.

Proof Since f is a normalized newform L(f, s) is self-dual. So the first part of the

theorem is a simple corollary of almost zero-free region theorem in Lecture 2.

For the proof of the asymptotic formula (upper bound), let x be a half-integer, T ≥ 3, and

a = 1 +
c

log (NkT )
. So by Perron’s formula, the bound |Λf (n)| ≤ 2 log n and Exercise 5,

we have∑
n≤x

Λf (n) =
1

2πi

∫ a+iT

a−iT
−L

′

L
(f, s)

xs

s
ds+O

(
xa

T
(

1

(a− 1)2
+ x1−a log2 x)

)
.
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Next let b = 1− c

log (NkT )
, where c is the constant coming from the first part of theorem.

We consider a rectangle RT = R1 ∪ (−R2) ∪ (−R3) ∪R4, where

R1 : s = a+ it, − T ≤ t ≤ T,

R2 : s = σ + iT, b ≤ σ ≤ a,

R3 : s = b+ it, − T ≤ t ≤ T,

R4 : s = σ + iT, b ≤ σ ≤ a.

Since L′

L
(f, s) has a simple pole of residue 1 at s = β (in case the exceptional zero exists),

we have∑
n≤x

Λf (n) = −x
β

β
− 1

2πi
(

∫
−R2

+

∫
−R3

+

∫
R4

) +O

(
xa

T
(

1

(a− 1)2
+ x1−a log2 x)

)
. (2)

Now by employing Exercise 6 we have

1

2πi

∫
−R2

−L
′

L
(f, s)

xs

s
ds� xa

T
.

A similar bound holds for 1
2πi

∫
R4

. Also

1

2πi

∫
−R3

−L
′

L
(f, s)

xs

s
ds� xb log (NkT ) log T .

Applying these bounds in (2) yields∑
n≤x

Λf (n) = −x
β

β
+O(xb log (NkT ) log T +

xa

T
+

xa

T (a− 1)2
+
x log2 x

T
).

Now let T = xa−b = x
2c

log (NkT ) . We have∑
n≤x

Λf (n) = −x
β

β
+O(xb log (NkT ) log T + xb log2 (NkT ) + x1−axb log2 x)

= −x
β

β
+O(xb log2 (NkT ) log2 T )

= −x
β

β
+O(

√
Nk x exp (−c1

√
log x)),

for some c1 > 0. This implies that∑
p≤x

af (p) log p = −x
β

β
+O(

√
Nkx exp(−c1

√
log x)).

�
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Note The asymptotic formula in the previous theorem in fact is an upper bound. Alter-

nately we can write the formula as∑
p≤x

af (p) log p = O(
√
Nkx exp(−c1

√
x)),

where the implied constant depends on β. Since the position of the exceptional zero is

not clear, the implied constant is not effectively computable.

Note It is proved by Hoffstein and Ramakrishnan that there is no exceptional zero for

normalized newforms. So we can drop the term −xβ

β
in Moreno’s theorem.

3 An Effective Lower Bound

Exercise 8 Show that

1

2πi

∫
(2)

xs

s(s+ 1) · · · (s+ r)
ds =

{
1
r!

(1− 1
x
)r, x > 1;

0, 0 < x ≤ 1.

Proposition 9 (Hoffstein and Lockhart) Let L(f, s) ∈ IK be an L-function with

positive coefficients and a single simple pole at s = 1 of residue r. Suppose that L(f, s)

satisfies a growth condition on the line <(s) = 1/2 of the form

|L(f,
1

2
+ it)| ≤M(|t|+ 3)B

for some constant B. If L(f, s) has no real zeros in the range

1− 1

logM
< σ < 1,

then there exists an effective constant c = c(B) > 0 such that

1

r
≤ c logM.

Proof Let 1
2
< β < 1 and let r be a fixed integer greater than B. (We should not

confuse β with the exceptional zero.) Using Exercise 8 and the absolute convergence of

L(f, s+ β) in the range of integration, we get

1

2πi

∫
(2)

L(f, s+ β)xs

s(s+ 1) · · · (s+ r)
ds =

1

r!

∑
n<x

λf (n)

nβ
(1− n

x
)r.
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Since λf (n) are non-negative, and λf (1) = 1, we have for all x ≥ 2,

1� 1

2πi

∫
(2)

L(f, s+ β)xs

s(s+ 1) · · · (s+ r)
ds. (3)

From the growth condition on the line <(s) = 1
2

and the Phragmen-Lindelöf principle, we

have

L(f, σ + it) = O(|t|B)

for all 1
2
≤ σ ≤ 3 and t ≥ 1. Thus we can shift the line of integration to <(s) = 1

2
−β < 0,

picking up residues at s = 0, 1− β. Using the bound on the line <(s) = 1
2
, the right-hand

side of (3) becomes

rx1−β

(1− β)(2− β) · · · (r + 1− β)
+
L(f, β)

r!
+O(Mx

1
2
−β).

Taking x = MC , for C a sufficiently large constant, we get

1� rMC(1−β)

1− β
+ L(f, β). (4)

Now we choose

β = 1− 1

logM
.

Since L(f, s) has a simple pole at s = 1, and is positive for σ > 1, we must have

L(f, β) ≤ 0. Then (4) yields
1

r
� logM

as desired. �

Note If L(f, s) ∈ IK the growth condition on the line <(s) = 1
2

will be satisfied if we

choose M as a suitable power of the conductor of L(f, s) and the product of its local

factor at ∞.

Definition 10 The symmetric square L-function associated to a normalized eigenform f

of weight k and level N is defined as

L(sym2 f, s) =
L(f ⊗ f, s)
ζN(s)

.

6



From Rankin-Selberg theory it is clear that L(sym2 f, s) has a meromorphic continuation

to C. In 1975 Shimura proved that the symmetric square L-function in fact has an analytic

continuation to the whole complex plane.

For square-free N and newform f , the symmetric square L-function associated to f sat-

isfies a functional equation. Let

L∞(sym2, s) = π−3s/2Γ

(
s+ 1

2

)
Γ

(
s+ k − 1

2

)
Γ

(
s+ k

2

)
,

and let

Λ(sym2 f, s) = N sL∞(sym2, s)L(sym2, s).

Then the symmetric square L-function satisfies

Λ(sym2 f, s) = Λ(sym2 f, 1− s).

Exercise 11 Show that L(sym2 f, s) has an Euler product on <(s) > 1.

Theorem 12 (Goldfeld, Hoffstein and Lieman) Let f be a normalized newform of

square-free level N and weight k. Then there exists an absolute constant c > 0 such that

L(sym2f, s) has no zero in the region

σ ≥ 1− c

log (kN)
.

Proof Consider the L-function

L(g, s) = ζ(s)L(sym2 f, s)2L(sym2 f⊗sym2 f, s) = ζ(s)L(sym2 f, s)3L(sym2 f ⊗ sym2 f, s)

L(sym2 f, s)
.

The last L-function is a special case of the symmetric square of a cusp form on GL(3) and

has been shown by Bump and Ginzburg to have a simple pole at s = 1. Hence L(g, s)

has a pole of order 2 at s = 1, whereas any real zero of L(sym2 f, s) is a zero of L(g, s) of

order ≥ 3. By local computations one checks that Λg(n) ≥ 0 for (n, q(g)) = 1, hence the

result follows from Goldfeld, Hoffstein and Lieman’s Lemma in Lecture 2. �

Exercise 13 For <(s) > 0 define

f(s) =
∞∑
n=1

(−1)n−1

ns
.

(i) Show that f(s) = (1− 1
2s−1 )ζ(s) for <(s) > 1.

(ii) From part (i) deduce a meromorphic continuation of ζ(s) into the half-plane <(s) > 0.

(iii) Show that ζ(σ) < 0 for 0 < σ < 1.

(iv) From here conclude that L(f ⊗ f, σ) 6= 0, in the region given in the previous theorem.
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Corollary 14 (Hoffstein and Lockhart) Let f be a normalized newform of square-free

level N and weight k. Then there exists an effective constant c (depends only on k) such

that

〈f, f〉 = ‖f‖2 ≥ c
N

logN
.

Proof This is immediate from the previous exercise and Hoffstein and Lockhart’s propo-

sition. Note that the residue of L(f ⊗ f, s) at s = 1 is

φ(N)π(4π)k

2N2(k − 1)!
〈f, f〉.

�

Exercise 15 Let f be a newform of square-free level N and weight k with Petersson norm

‖f‖ = 1. Let ρ(1) be the first Fourier coefficient of f . Then prove that there exists an

effective constant c (depends only on k) such that

|ρ(1)|2 ≤ c
logN

N
.

4 Bounds for the Fourier Coefficients of Cusp forms

Theorem 16 ( Landau [also Chandrasekharan and Narasimhan] ) Let L(f, s) =∑∞
n=1 be a Dirichlet series with non-negative coefficients λf (n) and converging for <(s)

sufficiently large. Assume that L(f, s) has a meromorphic continuation to C with at most

poles of finite order at s = 0, 1; assume also that L(f, s) is of finite order in the half plane

<(s) ≥ −1, and it satisfies a functional equation of the form

q(f)sγ(f, s)L(f, s) = ε(f)q(f)1−sγ(f, 1− s)L(f, 1− s)

for some constant ε(f), q(f) > 0, where

γ(f, s) =
d∏
i=1

Γ(αis+ βi),

for some d ≥ 1 and αi ≥ 0, βi ∈ C for 1 ≤ i ≤ d. Setting η =
∑d

i=1 αi, one has∑
n≤x

λ(n) = Pr−1(log x)x+O(x
2η−1
2η+1 logr−1 n),

where r is the order of pole of L(f, s) at s = 1 and Pr−1 is a polynomial of degree r − 1

that depends only on L(f, s). The implied constant also depends only on L(f, s).
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Theorem 17 (Rankin ) Let f be a cusp form of weight k and level 1. Then∑
n≤x

|af (n)|2 = cfx+O(x
3
5 ),

where

cf =
12(4π)k−1

(k − 1)!
〈f, f〉.

Proof Let bf (n) denote the coefficients of L(f ⊗ f, s). Since

L(f × f, s) =
1

ζ(2s)
L(f ⊗ f, s),

we have

|af (n)|2 =
∑
n=d2m

µ(d)bf (m), (5)

µ(d) denotes the Möbius function. Now one can check that L(f ⊗ f, s) satisfies the

conditions of Landau’s Theorem and so∑
n≤x

bf (n) =
π2

6
cfx+O(x

3
5 ).

Now from Proposition 2, we have

cf =
12(4π)k−1

(k − 1)!
〈f, f〉.

Next from (5) and the above asymptotic formula we have∑
n≤x

|af (n)|2 =
∑
n≤x

∑
n=d2m

µ(d)bf (m)

=
∑
d2m≤x

µ(d)bf (m)

=
∑
m≤ x

d2

bf (m)
∑
d≤
√
x

µ(d)

=
∑
d≤
√
x

µ(d)(
π2

6
cf
x

d2
+O

(
(
x

d2
)

3
5 )
)

= cfx
π2

6

∑
d≤
√
x

µ(d)

d2
+O(x

3
5

∑
d≤
√
x

1

d
6
5

)

= cfx+O(x
3
5 ).

�
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Corollary 18 (Rankin ) af (n) = Of (n
3
10 ) and τ(n) = O(n

29
5 ).

Exercise 19 Let L(f, s) ∈ IK be an L-function of degree d. Also assume that L(f⊗f, s)
exists and λf⊗f (n) ≥ 0 for (n, q(f)) 6= 1. Then show that for the local parameters αi(p)

for unramified prime p we have

|αi(p)| ≤ p
1
2
− 1
d2+1 .
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