Classical Analytic Theory of L-functions

Lecture 3: Poles of L-functions, Examples
Part B: Rankin-Selberg Convolution

Amir Akbary

Let z = x + 1y be a point in the upper half-plane H, and let s = ¢ + it be a point in the
complex plane C. Let

f(2) =) as(n)emn

and

9(z) = Yy (m)ein:

n=1

be cusp forms of weight k£ and level N. We set

0(f,9) = y* 2 f(2)g(2).

Recall that for Re(s) > 1, the L-functions attached to f and g are defined by

o

ar(n
L(re) =y U
n=1
and
- ag(n)
L(g,s) =) s
n=1
where i () h (1)
ar(n aq(n
af(”) = fu ) ag(”) - gﬂ
n 2 n 2
formn=1,2,3,---.



Definition 1 The Rankin-Selberg convolution of L(f,s) and L(g,s) is defined by

L(fxg,s)zzw'

The modified Rankin-Selberg convolution of L(f,s) and L(g,s) is defined by

o0

ar(n)ay(n
L(f®g,s) =(n(2s)L(f x g,s) = (n(2s) Z %
n=1
— 1 AN ‘ N
where (n(s) = Z = 1— » is the Riemann zeta-function with the Eu-
n=1 p"’N

g.c.d.(n,N)=1
ler p-factors corresponding to p | N removed.

The main goal of this section is to study the analytic properties of L(f x g,s). We
will see that the analytic continuation and the functional equation of the Epstein zeta-
function E(z,s) will result in the analytic continuation and the functional equation for

the Rankin-Selberg convolution L(f X g, s).

In Lemma 3 we will relate the Rankin-Selberg convolution L(f X g, s) to a double integral

on a certain region of the upper half-plane. To do this we need the following lemma.

Lemma 2 For any fized y > 0,

" ()@ dr = 3 ay(n)ag(n)e ™,
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Proof We have

2 f('dﬁdx = /2 (Z &f(m)ezmm(r+iy)z (%(n)ém‘n(w—i—iy)) dx

m=1 n=1

(5 S

Interchanging the order of summation and integration yields
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The proof is complete. [l



Lemma 3 For Re(s) > 1 we have the following integral representation for the Rankin-

Selberg convolution L(f X g,s)

(4r) " F (s + k- 1D)L(f x g,5) = // H=2f(2)g(2)dxdy

= //S y*o(f, g)dxdy

where S is the strip |z| < % and y > 0.

Proof We have

(4m) M0 (s + k= 1)L(f x g,5) = (4n) "' T(s+k—1) i %@Lg(n)

n=1

= |a ndg—n A) sk HL
_ Z{ s{m)ig(n) () F(s+k—1)}

n n
n=1

- i {a(m)ag(m)(4mn) T (s + &~ 1) }

Note that by the change of variable ¢ — 4mny, I'(s + k — 1) can be written as

[e.e]

F(S + k— 1) (47Tn)s+k—l / 6—47myys+k—2dy.
0

So

(4m) (s 4 k= )I(f x g,5) = Y. { gl €_4myys+k_2dy}

n=1

= / y e 2{ &f(n)&g(n)e_“”y}dy.
0

Now by applying Lemma 2 we get

(4m) >0 (s + k= 1)L(f x g,5) = /OO y e { f(Z)g(Z)d:v} dy

_ // St-2 £ (Vo dardy
= //Sy%(f,g)dxdy-

This completes the proof. [l



Our next step is to rewrite the double integral in the statement of the previous lemma as

a new integral on a fundamental domain for I'g(N).
Lemma 4 We have

//s y'olf, g)drdy = / /D . y*o(f, 9)Fn(z, s)dxdy

where

n=-—o0

g.c.d.(n,mN)=1

oo oo 1
FN(Z’ S) =1+ Z Z \mNz + n|2s
m=1

and Do(N) is a fundamental domain for To(N).

lw={yel: 700200}2{((1) lj) bEZ}.

I's is a subgroup of I' and it is clear that the strip S = {(z,y) : 2| < 3, y > 0} isa

Proof Let

fundamental domain for I's. For any two matrices y=(* S) and ~'= (g,, 2:) in GLy(Z), the
right cosets ',y and T’y are equal if and only if (¢,d) = (¢, d’). So the right cosets of
' in I'g(N) are in one to one correspondence with the pairs (¢, d) where ¢ > 0. Therefore

we can choose a set of representative 7 for the right cosets of Iy, in I'g(N) as follows:
7 ={0,1)}U{(e,d): ¢>0, Nle, (¢,d) =1}.

We claim that for any pair (¢,d) in 7, there is a unique transformation

az1 + b
cz +d

Yed - 21— 2=

that maps Dy(N) into S. This is true for the pair (0,1). For other pairs in 7', note that
since oo € Dy(N),

N | =

a
12| = hea(oo)] <

Since ad — bc = 1, equality holds only if ¢ =2, a = £1. We consider two cases.

If ¢ # 2, then there is exactly one solution in a, b of the equation ad — bc = 1 for which
a

c
the lines |z| = 1, the whole of 7.4Do(N) lies in S.

1 a
< 3 Since 7.,qDo(N) has the unique cusp — in S, and this cusp is not on either of
c




If ¢ = 2, then a = £1. Suppose that, for example, v, 4 takes co to the cusp —% and takes
Dy(N) into S. Then the transformation . 4(z1) + 1 has the same ¢, d and maps Dy(N)
outside S (touching the line z = %), and therefore corresponds to the other solution.
Hence exactly one of the transformations 7. 4(21) or ¥.4(21) + 1 has the desired property.
The claim is proved.

This shows that the strip S can be written as the disjoint union of 7. 4Dg(N)’s

S= |J 7eaDo(N).

(e,d)eT

Therefore, we have

// 5(f, g)drdy = 3 //D “5(f, g)dudy.

(e, d)eT
Now let z; = x1 + 1y;. Changing variable z; — 2z = 2= _t b yields
CzZ1
0(f,g9)dxdy = // < )5,dmd
J [ otsayizay 2 S e rap) 890t
= [ w9 X | dudy
Do(N) e |CZ +d|25 1 1-

By considering the definition of 7 in the last integral, we have

[z = [[ oz 1+Z Z ﬁ Loy

NIL gcd(dc)

= //D (N)ysé(f,g)FN(z,S)drcdy-

The proof is complete. U

Now we will show that Fy(z, s) has a representation in terms of the Epstein zeta-function.
First we recall the definition of the Mobius function.
The Mdébius function pu(n) is defined by

1 ifn=1
pn) =< (=1)" if n=pips---pr, pi #0;
0 otherwise.



Lemma 5 We have

20N (25)Fn(2,5) = M;i)

d|N

N
E(EZ, S).

Proof The idea is to evaluate the double sum

/ 1
S = —
Z |mNz 4 n|?s

m,n

(n,N)=1
in two different ways.
On one hand we have
o0 o0 o0
1 1
S =2 > —=+> ) Tww
n=1 n B m=—oo n=-—oo |mNZ + n’ 3
g.c.d.(n,N)=1 m#0  g.c.d.(n,N)=1

o oo 1
= 2An(28)+2) > N T

m=1n=—oo

oo 00 oo 1

k=1 m=1 n=-—00
g.c.d.(n,m)=k

Note that since g.c.d.(n, N) = 1, then g.c.d.(n,m) = g.c.d.(n,mN). So

o0 oo [e.e] 1
S o= 2An2s)+2) > > N T

k=1 m=1 n=-—o00
g.c.d.(n,mN)=k

1
ImNz + n|?

= 2n(28) +2n(29) ) )

n=-—oo

g.c.d.(n,mN)=1

= QCN(QS)FN(Z, S).

On the other hand by applying the classical identity
1 ifn=1
> uld) = o
i 0 otherwise
we have

’ 1
S =D N\ aE 2 D

m,n dlg.c.d.(n,N)
’ 1
= d
dzz; {/l( ); |mNz + nyd|?s }

6



where ny = % So

S = TR )
= Z{%E(%zs)}

d|N

This completes the proof. 0
We are ready to prove the main result of this chapter.

Theorem 6 (Rankin) The Rankin-Selberg convolution L(fX g, s) has the following prop-
erties:

(i) The series

L(f x g.s) = 3 220)

n=1

is absolutely and uniformly convergent for Re(s) > 1.

(11) L(f X g,s) has a meromorphic continuation to the whole complex plane.

(1i1) L(f x g,s) is analytic at s =1 if (f,g) = 0. Otherwise, it has a simple pole at point
s =1 with the residue

12(4m) k=1
r = ™) // o(f, g)dxdy
N( _1 'Hp|N 1+ Do(N)

12(4m)kt

T NG DL+ ) {f.9).
(iv) Let
L(f®g,s) =(n(2s)L(f X g,8) = CN(QS)ZW

be the modified Rankin-Selberg convolution and for Re(s) > 1, let

or \
P(s) = (\/—N) F(s)I(s+k—1)L(f®g,s)

or \ %
= (\/—N> D(s)I'(s +k —1)¢n(28)L(f x g,5).

Then both L(f ® g,s) and ®(s) are entire functions if (f,g) = 0. Otherwise, if N = 1
they are analytic everywhere except that L(f ® g,s) has a simple pole at point s = 1 and

7



®(s) has simple poles at points s = 0 and 1, and if N > 1 they are analytic everywhere
except that L(f ® g,s) has a simple pole at point s = 1 and ®(s) has a simple pole at
points s = 1.

(v) If N =1, then the function ®(s) is invariant under the replacing of s by 1 — s, i.e.,
O(s) = P(1 — ).

Proof (i) Suppose that 0 = Re(s) > 1+ 6 > 1. By Deligne’s bound, we know that
lag(n)]:lag(n)] < n®*. So,

= [agmagm)|
> < Lw

(VAN
[
§H
+| =
<

no

This completes the proof of (7).

(i1) & (iv) By Lemma 3 and Lemma 4, we have

P(s) = ( ) MW(s+k—-1)L(f®g,s)

= ( ) (8)Cn (28) (4m)*HH 1 / / 5(f, g)dxdy
= () T //D O

Applying Lemma 5 in the previous integral yields

R
_ //D d‘N (% (%)SF(S)E <%z s)) dedy.




Finally we obtain

B(s) = 472k 1//]30 5(f,g %(“ (—z s))dxdy

-y /Zb (Mﬂmﬁi@wxw

d\N

A ]

w?) dw) dxdy

(1)

Note that the integral in the first summand of the right-hand side of (1) is dominated by

a finite sum of integrals of the form

/ /D R ( /1 % i, p dw) Loy

for A € R. These integrals are all convergent, because f and ¢ vanish at all the cusps of
Dy(N). Therefore the first summand in 1 is an entire function of s. This proves (i) and

(1v).

(ii1) If we multiply both sides of (1) by s — 1 and then let s — 17, we get

ggw—D(é%)F@W@+k—D@@@fogﬁ

e Iy

dIN
and therefore

r = Res(L(f xg,5),1)

1247rk1 //

This completes the proof of part ().

(v) Let N = 1. We can simplify (1) to

O(s)

4ﬂ.kl
Ydxd
253—1//170 Of, g)dwdy.

9

Do(1) (5(f’ 9) /"O@(w>(ws_l

g)dzdy

g)dzdy.

+ u)_s)> dzxdydw



At a glance we realize that the right-hand side of this equality is invariant under the

replacing of s with 1 — s. Therefore
D(s) = P(1 — ).
In other words, L(f X g, s) satisfies the following functional equation
(2m) "D (s)D(s + k — 1)Cn(28)L(f x g, s)

= (2m)* 2T (1 — s)['(k — s)(n(2 — 28)L(f x g, 1 — s).

The proof of the theorem is complete. 0

Exercise 7 Without appealing to Deligne’s bound show that L(f X g,s) is absolutely
convergent for Re(s) > 1.

Next we will study the Euler product of the Rankin-Selberg convolution of two modular
L-functions. Let f(z) = >.°7  as(n)e*™* be a cusp form for I'o(N), and let Ly(s) =
Yoo ar(n)n* be its associated L-function. We know that L(s) has an Euler product
if and only if f(z) is an eigenform. The next proposition will establish the Euler product
of the modified Rankin-Selberg convolution of the modular L-functions associated to two

eigenforms f and g. To derive the desired Euler product we need the following lemma.

Lemma 8 Let f and g be two normalized eigenforms in U'o(N), and let

Lis) =] (1 —arp™) [0 —ep™) " (1—&p) "

p|N ptN

and

Ly(s) =TT (0 = aglp)p™) "I (0 = 6p™) " (1 = 8,p7%) "

pIN pIN
be their associated L-functions, where €, + €, = as(p), 6, + 0, = a,(p) and |e,| = |6,| = 1.
Then, for Re(s) > 1 and pt N, we have the following identity

= ar(pFa,(p*
(1—p 21 Z f(pp)ksg(p )

— (1= ) (1=ebp ) (1 =50, %) (1= &,0,p°) .
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Proof Let p{ N. We recall that the coefficients a;(n) and a,4(n) satisty the following:

kfl) k72)

ay(p*) = ap(p)as(P*!) — ay(p

Y

ag(pk) = ag(p)ag(pkil) - ag(pk72>~

Applying the above identities repeatedly yields

ay(P¥)ag(p®) — ap(p)as(p* ag(p)ag(p" ") + (a;(p)* + ag(p)* — 2) ap(p" ?)ay(p" )

—ag(p)ar(p")ag(p)ag(p* ™) + ap (" ay(p" ) = 0. (2)

Also by using the above relations between the coefficients as(p), a,(p) and the complex

units €,, d,, we have
(1 - Ep(spp_s) (1 - Epgpp_s) (1 - gpépp_s) (1 - Epgpp_s)

—2s

= 1—asp(p)ag(p)p™ + (as(p)* + ag(p)* = 2) p>" — as(p)ay(p)p™ +p~*. (3)

Putting together (2) and (3), and following a tedious calculation, we arrive at

—5 S S = —s - 5 . —S - a’f(pk)a (pk)
(1 — €p0pP ) (1 — €p0pP ) (1 — €p0pP ) (1 — €p0pp ) Z ng
k=0
1
— — ]%7
which is equivalent to the statement of the lemma.
This completes the proof. O

Proposition 9 The modified Rankin-Selberg convolution of the modular L-functions as-

sociated to two normalized eigenforms f and g has the following Fuler product

Lif®gs) = [[0—apagpp™)”
pIN

< TLO=adw) ™ (= abr )™ (1=as) ™ (- adn) ™
PIN
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Proof First of all we recall that the coefficients of eigenforms are multiplicative and

real. So we have

L(f@gs)=Cns) ] (Z 21#)e(r) >>.

ks
all primes \ k=0 p

For p | N, since a;(p*) = a;(p)* and a,(p*) (p)*, we have

(P (Pt) - ar(p) ey (p)*
kz:% pks _Z:% pks

= (1 —as(p)ag(p)p™*)

Using this and applying the previous lemma, we attain the result. 0

12



