Typ e Theo ries from Ba rendregt’s Cub e for Theo rem Provers

Jonathan P. Seldin Depa rtment of Mathematics and Computer Science Universit y of Lethb ridge Lethb ridge, Alb erta, Canada jonathan.seldin@uleth.ca http://home.uleth.ca/ ∼ jonathan.seldin

July 11, 2001

Theo rem provers here are for verification Must be trusted . Need

• Consistency • Con fidence in implementation In some cases, must be small

• Example: Pro of Ca rrying Co de

Ba rendregt’s λ cub e Syntax: M −→ x|c|Prop|Type|(M M )|(λx : M . M )|(∀x : M )M Prop and Type are sorts . s, s^′, s_i are sorts (It is common to use * for Prop, � for Type. I formerly referred to sorts as kinds .) Conversion is β-conversion, M = β N , generated by (λx : A . M )N � [N/x]M Judgements are of the form Γ ⊢ M : A, where Γ is x1 : A1,x2 : A2,...,xn : An These systems all have the same axiom: ⊢ Prop : Type

General Rules

(sta rt) If x ∉F V(Γ ) Γ ⊢ A : s Γ ,x : A ⊢ x : A

(w eak ening) If x ∉F V(Γ ) Γ ⊢ A : B Γ ⊢ C : s Γ ,x : C ⊢ A : B

(application) Γ ⊢ M : (∀x : A)B Γ ⊢ N : A Γ ⊢ M N : [N/x]B

(abstraction) If x ∉F V(Γ ) Γ ,x : A ⊢ M : B Γ ⊢ (∀x : A)B : s Γ ⊢ λx : A . M : (∀x : A)B

(conversion) Γ ⊢ A : B Γ ⊢ B ′: s B = β B ′ Γ ⊢ A : B ′

Sp ecific rules

(ss ′ rule) If x ∉F V(Γ ) Γ ⊢ A : s Γ ,x : A ⊢ B : s′ Γ ⊢ (∀x : A)B : s′

System dep ends on possible values of s and s′ in these sp eci fic rules

Some examples

• λ → , related to simple typ e assignment: Both s and s′ must be Prop

• λ2, related to Second order typ ed λ-calculus: s′ must be Prop

• λP , related to AUT-QE and LF: s must be Prop

• λω , related to Gira rd’s F ω : If s is Prop, so is s′

• λC, Calculus of constructions: s and s′ can both be either kind

HOL, (Church 1940), which is not in the λ-cub e, is a subsystem of λC.

Advantages of these systems

• They are all consistent by strong no rmalization

• All have small numb er of primitive postulates (easier to trust implementation)

Disadvantage

• All are imp redicative

But no w many non-logicians have ever hea rd of predicativit y?

Rep resenting logic with equalit y Use A → B for (∀x : A)B if x do es not occur free in B If A : Prop and B : Prop, use A ⊃ B for this If A : Prop and B : Prop, use A ∧ B for (∀w : Prop)(( A ⊃ B ⊃ w) ⊃ w) Terms of typ e A ∧ B are pairs with projections If A : Prop and B : Prop use A ∨ B for (∀w : Prop)(( A ⊃ w) ⊃ (( B ⊃ w) ⊃ w)) Terms of typ e A ∨ B are disjoint unions with injections

De fine void≡ ⊥ ≡ (∀x : Prop)x If A : Prop, use ¬ A for A ⊃ ⊥ If A : Prop and x : A ⊢ B : Prop, then use (∃x : A)B for (∀w : Prop)(( ∀x : A)( B → w) → w) Terms of typ e (∃x : A)B are pairs (di fferently typ ed from those of typ e A ∧ B) with a left projection but (fo r technical reasons) no right projection All this gives us the standa rd rules for intuitionistic logic

If A : s, M : A and N : A, use M = A N for (∀z : A → Prop)( zM ⊃ zN ) This is called Leibniz equalit y I am not assuming extensionalit y for this as S. Bera rdi do es

Bo olean typ e Bool ≡ (∀u : Prop)( u → u → u) T ≡ λu : Prop . λx : u . λy : u . x F ≡ λu : Prop . λx : u . λy : u . y

Adding assumptions To mak e A an assumption (fo r A : Prop), add as a new hyp othesis c : A, where c is a constant. By strong no rmalization, the underlying system is consistent. There is no term M such that ⊢ M : ⊥ . However, assuming c1 : Prop,c2 : c1,c3 : ¬ c1 we get an inconsistency . A set Γ of assumptions is consistent if there is no term M such that Γ ⊢ M : ⊥ . This is equivalent to: there is no term N such that Γ ,x : Prop ⊢ N : x, where x ∉ FV (Γ )..

Goal: Prove certain sets Γ of assumptions consistent Metho d: Get consistency results in calculus of constructions Results will hold for entire λ-cub e and HOL. If a given construct cannot be typ ed in a weak er system, the results for calculus of constructions will justify certain additional assumptions.

For example, in λ → , the assumptions for conjunction would be

• Λ : Prop → Prop → Prop (here A∧ B is to be an abb reviation for Λ AB)

• and.in : λx : Prop . λy : Prop . x → y → Λ xy

• and.left : λx : Prop . λy : Prop . Λ xy → x

• and.right : λx : Prop . λy : Prop . Λ xy → y

The justi fication for these assumptions in λ → is that they can be interp reted by terms in the calculus of constructions which can be proved to satisfy these typings in an environment that has been proved consistent

Deduction No rmalization A deduction of the form

Γ ,x : A ⊢ M : B Γ ⊢ (∀x : A)B : s Γ ⊢ λx : A . M : (∀x : A)B (abstraction ) Γ ⊢ λx : A . M : (∀x : C)D (conversion ) Γ ⊢ N : C Γ ⊢ (λx : A . M )N : [N/x]D (application )

where x ∉ FV (Γ ,A), A = β C, and B = β D, reduces to

Γ ,x : A ⊢ M : B

Γ ⊢ N : C Γ ⊢ N : A (conversion ) Γ ⊢ [N/x]M : [N/x]B (substitution lemma ) Γ ⊢ [N/x]M : [N/x]D (conversion )

Strong no rmalization holds for deductions

Derivation to avoid: Let Γ be A : Prop,w : (∀z : A → Prop)( zN ),x : Prop We want to avoid

Γ ⊢ w : (∀z : A → Prop)( zN ) . Γ ⊢ λy : A . x : A → Prop Γ ⊢ w(λy : A . x) : (λy : A . x)N (application ) Γ ⊢ w(λy : A . x) : x (conversion )

A strongly consistent environment (w ell-fo rmed) is de fined to exclude this. It do es not allo w any typ es of the form A ∧ B, A ∨ B, (∃x : A)B, ⊥ , ¬ A, or M = A N .

Every strongly consistent environment is consistent.

There are consistent environments which allo w negations of formulas.

Imp ortant Result

Let Γ 1 be a well-fo rmed environment in which each typ e is the negation of an equation bet ween terms with distinct no rmal forms, and let Γ 2 be strongly consistent. Then if, for B : s and a closed term R, Γ 1,Γ 2 ⊢ R : M = B N, then M = β N .

The pro of is to assume a sho rtest deduction (in no rmal form) for any Γ 2 and prove that there must be in the deduction an inference from zM to zN , from which M = β N follo ws.

This proves the consistency of Γ 1,Γ 2 and identi fies Leibniz equalit y with conversion. Example: Γ 1 is bool : ¬ T = Bool F and Γ 2 is empt y

Arithmetic (example of recursive datat yp e) De fine: 1. N ≡ (∀A : Prop)(( A → A) → (A → A)) 2. 0 ≡ λA : Prop . λx : A → A . λy : A . y 3. σ ≡ λu : N . λA : Prop . λx : A → A . λy : A . x(uAxy ) Here

n =_β λA : Prop . λx : A → A . λy : A . x(x(...(x n y) ...))

It is possible to de fine π so that π 0 =_β 0 π (σ n) =_β n

Using this π , it is possible to de fine R so that if A : Prop, M : A, and N : N→ A → A, RM N 0 =_β M RM N (σ n) =_β N n(RM N n)

We can prove ⊢ N : Prop ⊢ 0 : N ⊢ σ : N→ N

But what ab out mathematical induction? There is a non-numeral in N, namely λA : Prop . λx : A → A . x. This is η-convertible to a numeral, but not β-convertible η-reduction: If x do es not occur free in U : (∀x : A)B λx : A . Ux � U (I am avoiding η-conversion for technical reasons)

Pfenning and Paulin-Mohring (1989) give an example of a recursive datat yp e rep resented this way in which there is a term in the typ e which do es not β- or η-convert to anything constructed from the constructo rs of the datat yp e.

We should not exp ect mathematical induction to hold for N.

To get mathematical induction, de fine (Dedekind’s de finition of natural numb er, 1887)

N ≡ λn : N . (∀A : N→ Prop)(( ∀m : N)( Am ⊃ A(σ m)) ⊃ A0 ⊃ An )

We can prove ⊢ N : N→ Prop ⊢ N 0 ⊢ (∀n : N)( N n ⊃ N (σ n)) ⊢ (∀A : N→ Prop)(( ∀m : N)( Am ⊃ A(σ m)) ⊃ A0 ⊃ (∀n : N)( N n ⊃ An ))

Then, using π we can prove

⊢ (∀n : N)( ∀m : N)( N n ⊃ N m ⊃ σ n = N σ m ⊃ n = N m)

Also, using Bool : Prop, T : Bool, and λn : N . λx : Bool . F : N→ Bool→ Bool, we can de fine Iszero≡ RT(λn : N . λx : Bool . F) Then for n : N, since ⊢ N n, Iszero0 =_β T Iszero(σ n) =_β F

Hence, we can prove bool : ¬ T = Bool F ⊢ (∀n : N )( N ⊃ ¬ σ n = N 0)

This means that arithmetic in a typ ed system is consistent

Classical Logic Add assumption cl : (∀u : Prop)( ¬ ¬ u ⊃ u) Classical arithmetic can be proved consistent by using a variation of the ¬ ¬ -translation.

Abstract recursively defined data typ es

In a recent pap er (Seldin, 2000), this is extended to a large class of abstract recursively de fined data typ es.

(But not all. Only those for which the typ e of each constructo r has the form A1 → (A2 → ...(An → D) ...)

where D is the typ e of the database and each Ai is either D or is the typ e of another such database or is a variable of typ e Prop.)

Sets as predicates Huet’s (1987) idea: Let U be any small typ e: i.e., U : Prop Then SetU ≡ U → Prop If A : SetU, then x ∈ A is Ax For P : Prop, {x : U | P } ≡ λx : U . P A ⊆ B ≡ (∀x : U)( x ∈ A ⊃ x ∈ B) A = ex B ≡ (A ⊆ B) ∧ (B ⊆ A)

Further de finitions: ∅ ≡ {x : U | ⊥ } A ∩ B ≡ {x : U | x ∈ A ∧ x ∈ B} A ∪ B ≡ {x : U | x ∈ A ∨ x ∈ B} ∼ A ≡ {x : U | ¬ x ∈ A} P A ≡ λB : SetU . B ⊆ A Here, P A : SetU → Prop Class_U ≡ Set_U → Prop

F unctions The set of functions from set A to set B is λf : U → U . (∀x : U)( x ∈ A ⊃ f x ∈ B)

W e get much of set theo ry, but not all:

Seldin (1997) sho ws that essentially all the axioms of Intuitionistic Zermelo-F rank el set theo ry (fo rmulation of Beeson 1985) are provable except the axioms of power set and ∈ -induction.

∈ -induction prevents infinite descending ∈ -chains; here they are prevented by the typ e structure.

So the imp ortant missing axiom is that of power set. We can get any finite numb er of power set op erations.

Note 1 Rep resenting this pa rt of set theo ry involves no new assumptions, only de finitions.

Note 2 If Γ ⊢ M : A and if Γ is consistent, then, Γ ,c : A is consistent (c a new constant). Useful if M is large.

If this A is A1 → (A2 → (...(An → A0) ...)) , then the new assumption rep resents the derived rule M1 : A1 M2 : A2 ... Mn : An M1M2 ...Mn : A0

Conclusion This app roach leads to • small systems • few assumptions • provably consistent • su fficient for a lot of mathematical reasoning