On NormalizingDisjunctive Intermediate Logics^∗

Jonathan P. Seldin Departmen t of Mathematics and Computer Science University of Lethbridge Lethbridge, Alberta, Canada jonathan.seldin@uleth.ca http://www.cs.uleth.ca/ ∼ seldin

February 25, 2004

Abstract In this paper it is shown that every intermediate logic obtained from intuitionistic logic by adding a disjunction can be normalized. However, the normalization procedure is not as complete as that for intuitionistic and minimal logic because some results which usually follow from normalization fail, including the separation property and the subformula property.

AMS Subject Classification: 03B55, 03F05 Keywords: Intermiate logic, Normalization

By a disjuctive intermediate logic I mean a system of logic obtained by adding to intuitionistic logic an axiom scheme of the form

C_1(A_1,A_2,...,A_m ) ∨ C_2(A_1,A_2,...,A_m ) ∨ ... ∨ C_n (A_1,A_2,...,A_m ),

where C_i(A_1,A_2,...,A_m ) is a formula scheme in which A_1,A_2,...,A_m occur as parameters.

∗This work was supported in part by a grant from the Natural Sciences and Engineering Research Council of Canada. The paper was presented at the 39th Annual Meeting of the Western Canadian Philosophical Association, Calgary, 25–27 Octob er, 2002.

Some examples ofdisjunctiv e intermediate logicsare given by Umezawa [9] as follows: (M) ¬ ¬ A ∨ ¬ A. (P_n ) (A_1 ⊃ A_2) ∨ (A_1 ⊃ A_3) ∨ ... ∨ (A_1 ⊃ A_n ) ∨ (A_2 ⊃ A_1) ∨ (A_2 ⊃ A_3)∨ ...∨ (A_2 ⊃ A_n )∨ ...∨ (A_n ⊃ A_1)∨ (A_n ⊃ A_2)∨ ...∨ (A_n ⊃ A_{n− 1}), where n ≥ 2 and, for any (A_i ⊃ A_j ), i ≠ j. A special case is (P_2), when the axiom is (A_1 ⊃ A_2) ∨ (A_2 ⊃ A_1), and the logic is also known as (LC).

(R_n ) A_1 ∨ (A_1 ⊃ A_2) ∨ (A_2 ⊃ A_3) ∨ ... ∨ (A_{n− 1} ⊃ A_n ) ∨ ¬ A_n , where n ≥ 2. (ME) (∀x)¬ ¬ A(x) ∨ (∃x)¬ A(x).

(MEK^∘) ¬ ¬ (∀x)A(x) ∨ (∃x)¬ A(x).

(DP_2) (∀x)(A ⊃ B(x)) ∨ (∃x)(B(x) ⊃ A). (F P_2) (∃x)(∀y)(A(x) ⊃ B(y)) ∨ (∃y)(∀x)(B(y) ⊃ A(x)). (GP_2) (∃y)(∀x)(A(x) ⊃ B(y)) ∨ (∃x)(∀y)(B(y) ⊃ A(x)).

(F GP_2) (∃x)(∃u)(∀y)(∀v)(A(x, v) ⊃ B(y,u))∨(∃y)(∃v)(∀x)(∀u)(B(y,u) ⊃ A(x, v)). (ER_n ) (∀x)A_1(x)∨(∃x)(∀y)(A_1(x) ⊃ A_2(y))∨...∨(∃x)(∀y)(A_{n− 1}(x) ⊃ A_n (y)))∨ (∃x)¬ A_n (x).

In addition, classical logic can be formulated in this form as follows: (K) ¬ A ∨ A.

López-Escobar [7] gives another example: (LI C_n ) (A_1 ⊃ A_2)∨ (A_2 ⊃ A_3) ⊃ ... ⊃ (A_{n− 1} ⊃ A_n )∨ (A_n ⊃ A_1), where n ≥ 2.

Note that (LC) is also (LI C_2), and he also points out that classical logic can be axiomatized by adding to intuitionistic logic the axiom (C) (A ⊃ B) ∨ A.

(López-Escobar is considering only the implication fragments of these logics, but his definitions apply to full predicate logics.)

The purp ose of this paper is to look at natural deduction versions of these systems and to prove a normalization result for them. The normalization result obtained does not imply all of the results of normalization for classical or intuitionistic logic. In particular, the subformula property fails. Arnon Avron [1] has used the method of hypersequents to give a formulation that does satisfy the subformula property for one of the logics considered here, the logic (LC).

Since the intuitionistic rule ⊥ A ⊥^I

is not used in any essential way in obtaining these rusults, they also hold if the axioms in question are added to minimal logic instead of intuitionistic logic. If (K) is added to LM, the result is the system which Curry [3] called (in a sequent L-version) LD. If (C) is added instead, the system obtained is the system called LE in [4], which is due to Paul Bernays [2] and first extensively studied by Saul Kripke [6].^1

I would like to thank Richard Zach for his helpful comments and suggestions.

1 The Natural Deduction Form ulation

First, let us recall the system TM^2 of minimal predicate logic. It has no axioms, and its rules are as follows:

∧I A^1 A^2

A_1 ∧ A_2

∧E A^1 ∧ A^2 A_i

∨I A^i

A_1 ∨ A_2 ∨E A ∨ B [A] C [B] C C 1See [4, p. 260, p. 306]. The system was also studied by Kanger [5] before Kripke’s extensiv e study.

2This name is due to Curry; see [4, p. 280]. Actually, Curry reserved the name TM for propositional logic only, using the name TM^∗ for the predicate logic, but since I am not considering the popositional case separately , I will drop the superscript asterisk.

⊃ I [A] B A ⊃ B

⊃ E A ⊃ B A B

∀I A(c)

(∀x)A(x)

∀E (∀x)A(x) A(t)

∃I A(t)

(∃x)A(x) ∃E (∃x)A(x)

[A(c)] C C where in rules ∧E and ∨I, i = 1 or i = 2; in rules ∀E and ∃I, t is any term; and in rules ∀I and ∃E, c is an eigenvariable, which is a variable which does not occur free in any undischarged assumption (or, in the case of ∃E, in C). Also, ¬ A is defined to be A ⊃ ⊥ , so that negation satisfies the derived rules

¬ I [A] ⊥ ¬ A ¬ E ¬ A A ⊥ Recall also that the system TJ of intuitionistic logic is obtained from TM by adding the rule

⊥_I A ⊥

Now, let us write C_i( ⃗A) for C_i(A_1,A_2,...,A_m ). Then the axiom of a disjunctiv e intermediate logic has the form

C_1( ⃗A) ∨ C_2( ⃗A) ∨ ... ∨ C_n ( ⃗A). (1) For the systems he considers, López-Escobar [7]proposes replacing axiom (1) by the rule [C_1( ⃗A)] C [C_2( ⃗A)] C ...

[C_n ( ⃗A)] C C Ds

Theorem 1 Adding axiom (1) to TM (respectively TJ) is equivalent to adding rule Ds to TM (respectively TJ).

Pro of Suppose that we have added rule Ds to TM (or, for that matter TJ), and suppose we are given deductions

C_1( ⃗A) D_1 C , C_2( ⃗A) D_2 C , ...,

C_n ( ⃗A)

D_n C . Then, writing C_i for C_i( ⃗A), E_2 for C_2 ∨ E_3, E_3 for C_3 ∨ E_4, ..., E_{n− 1} for C_{n− 1} ∨ C_n , we can proceed as follows:

C_1 ∨ E_2 1 [C_1] D_1 C 2 [C_2 ∨ E_3] 3 [C_2] D_2 C ...

2n − 2 [C_{n− 1} ∨ C_n ]

2n − 1 [C_{n− 1}] D_{n− 1} C 2n [C_n ] D_n C C ∨E − (2n − 1),2n . . C C ∨E − 3,4 C ∨E − 1,2

Conversely, suppose we have added rule Ds to TM. Then we can deduce axiom (1) as follows: 1 [C_1] C_1 ∨ C_2 ∨ ... ∨ C_n repeated ∨ E ... n [C_n ] C_1 ∨ C_2 ∨ ... ∨ C_n repeated ∨ E C_1 ∨ C_2 ∨ ... ∨ C_n

Ds − 1,2,...n

For the rest of the paper, we will assume that our disjunctiv e intermediate logic is obtained from TJ by adding rule Ds.

Definition 1 The system TI will be obtained from TJ by adding the rule Ds. 2 The Normalization Result

Recall that the deduction reduction steps for TJ (and also TM) are as follows:

∧-reduction steps: D_1 A_1

D_2 A_2 A_1 ∧ A_2 ∧I

A_i ∧E D_3 reduces to

D_i A_i D_3

∨-reduction steps:

D_0 A_i A_1 ∨ A_2 ∨I 1 [A_1] D_1 C 2 [A_2] D_2 C C ∨E − 1,2

D_3 reduces to

D_0 A_i D_i C D_3

⊃ -reduction steps: 1 [A] D_1 B A ⊃ B ⊃ I − 1

D_2 A B ⊃ E D_3 reduces to

D_2 A D_1 B D_3

∀-reduction steps:

D_1(c) A(c) (∀x)A(x) ∀I

A(t) ∀E D_3 reduces to

D_1(t) A(t) D_3

∃-reduction steps:

D_1 A(t) (∃x)A(x) ∃I 1 [A(c)] D_2(c) C C ∃E − 1 D_3 reduces to

D_1 A(t) D_2(t) C D_3

∨R-reduction steps: If R is an E-rule with C as its major (left) premise and (D_3) as the deduction(s) of its minor premises, if any, then

D_0 A_1 ∨ A_2 1 [A_1] D_1 C 2 [A_2] D_2 C C ∨E − 1,2

(D_3) E R D_4

reduces to

D_0 A_1 ∨ A_2

1 [A_1] D_1 C (D_3) E R

2 [A_2] D_2 C (D_3) E R E ∨E − 1,2 D_4

∃R-reductions: If R is an E-rule with C as its major (left) premise and (D_3) as the deduction(s) of its minor premises, if any, then

D_1 (∃x)A(x) 1 [A(c)] D_2(c) C C ∃E − 1 (D_3) E R D_4

reduces to

D_1 (∃x)A(x)

1 [A(c)] D_2(x) C (D_3) E R E ∃E − 1 D_4

To these reduction steps, we add one for rule Ds: DsR-reduction steps: If R is an E-rule with C as its major (left) premise and

(D_0) as the deduction(s) of its minor premises, if any, then 1 [C_1] D_1 C 2 [C_2] D_2 C ... n [C_n ] D_n C C Ds − 1,2,...,n (D_0) E R D_{n+1}

reduces to 1 [C_1] D_1 C (D_0) E R

2 [C_2] D_2 C (D_0) E R ...

n [C_n ] D_n C (D_0) E R E Ds − 1,2,...,n D_{n+1}

Theorem 2 Every deduction in this disjunctive intermediate logic can be reduced to a normalized deduction.

Pro of Similar to the proof by Prawitz [8, Chapter IV Theorem 1] of the normalization of minimal and intuitionistic predicate logic. Extend the definition of segment so that if a premise of rule Ds in in a segment, then so is the conclusion. Then Prawitz’ procedure for removing maximum segments works for this system.

Remark 1 I conjecture that it is possible to prove strong normalization (that every sequence of reduction steps terminates), but I have not tried to find a proof.

3 A Gen tzen L-form ulation

Let us recall that the Gentzen formulation LM of minimal logic is defined as follows: the axiom scheme is

Ax A ⊢ A .

The structural rules are as follows:

*C Γ^1,B,A,Γ^2 ⊢ C Γ_1,A,B,Γ_2 ⊢ C

*K Γ ⊢ C

Γ,A ⊢ C

*W Γ,A,A ⊢ C

Γ,A ⊢ C

Cut Γ,A ⊢ C Γ ⊢ A Γ ⊢ C

The operational rules are:

*∧ Γ,A^i ⊢ C

Γ,A_1 ∧ A_2 ⊢ C

∧* Γ ⊢ A^1 Γ ⊢ A^2 Γ ⊢ A_1 ∧ A_2

*∨ Γ,A^1 ⊢ C Γ,A^2 ⊢ C

Γ,A_1 ∨ A_2 ⊢ C

∨* Γ ⊢ A^i

Γ ⊢ A_1 ∨ A_2

*⊃ Γ ⊢ A Γ,B ⊢ C

Γ,A ⊃ B ⊢ C

⊃ * Γ,A ⊢ B

Γ ⊢ A ⊃ B

*∀ Γ,A(t) ⊢ C

Γ,(∀x)A(x) ⊢ C

∀* Γ ⊢ A(c)

Γ ⊢ (∀x)A(x)

*∃ Γ,A(c) ⊢ C

Γ,(∃x)A(x) ⊢ C

∃* Γ ⊢ A(t)

Γ ⊢ (∃x)A(x) Here, in rules *∧ and ∨*, i = 1 or i = 2; in rules *∀ and ∃*, t is any term; and in rules ∀* and *∃, c is a variable which does not occur free in Γ (or C).

The system LJ is obtained from LM by adding the rule

⊥ J Γ ⊢ ⊥

Γ ⊢ A

A cut-free derivation is a derivation in which rule (cut) does not occur. The Gentzen-style L-rule corresponding to Ds is

Dx Γ,C1( ⃗A) ⊢ C Γ,C2( ⃗A) ⊢ C ... Γ,Cn ( ⃗A) ⊢ C Γ ⊢ C

Definition 2 The system LI is obtained from the system LJ by adding rule Dx. Theorem 3 If Γ ⊢ A

is derivable in system LI, then there is a deduction of it in TI.

Pro of An easy induction on the derivation of Γ ⊢ A.

Theorem 4 If there is a normal deduction of

Γ ⊢ A

in TI, then there is a cut-free derivation of it in LI.

Pro of Similar to the proof of Prawitz [8, Appendix A, Theorem]. An extra case for Ds is needed, where Ds is neither an I-rule nor an E-rule; this case is easy using Dx.

Theorem 5 If Γ ⊢ A

can be derived in LI, then there is a cut-free derivation of it.

Pro of Theorems 2, 3, and 4.

Remark 2 Curry [4, p. 262] uses as his rule Nx a special case of Dx. However, he does not use the corresponding rule for his rule Px, which he takes instead in the form Γ,A ⊃ B ⊢ A Γ ⊢ A

Remark 3 There are properties that follow from normalization for minimal and intuitionistic logic which do not hold for TI or LI. These include the separation property (which says that only ifa connective or quantifier appears in an undischarged assumption or in the conclusion are its rules used in the deduction) and the subformula property (which says that every formula occurring in a deduction occurs in one of the undischarged assumptions or in the conclusion). It is easy to see that rule Ds (or Dx) may result in the discharge (disapp earance from the cut-free deduction) of a connective or quantifier or of a subformula that does not occur in another undischarged assumption or in the conclusion. Furthermore, it is easy to see that rule Dx is a special case of (cut). This suggests that the normalization procedure given in this paper is not complete.

References

[1] Arnon Avron. The method of hypersequents in the proof theory of propositional non-classical logics. In W. Hodges, M. Hyland, C. Steinhorn, and J. Truss, editors, Logic: Foundations to Applications, pages 1–32. Oxford Scientific Publications, 1996.

[2] Paul Bernays. Review of H. B. Curry, “ The system LD,” J. Symbolic Logic 17:35–42, 1952 and “ On the definition of negation by a fixed proposition in the inferential calculus,” Ibid, pp. 98–104. Journal of Symbolic Logic, 18:266–268, 1953.

[3] Haskell B. Curry. The system LD. Journal of Symbolic Logic, 17:35–42, 1952.

[4] Haskell Brooks Curry. Foundations of Mathematical Logic. McGraw-Hill Book Company, Inc., New York, San Francisco, Toronto, and London, 1963. Reprinted by Dover, 1977 and 1984.

[5] S. Kanger. A note on partial postulate sets for propositional logic. Theoria (Sweden), 21:99–104, 1955.

[6] Saul A. Kripke. The system LE. Submitted to Westinghouse Science Talent Search, February, 1958; not yet published.

[7] E. G. K. Lopez-Escobar. Implicational logics in natural deduction systems. Journal of Symbolic Logic, 47(1):184–186, March 1982.

[8] Dag Prawitz. Natural Deduction. Almqvist & Wiksell, Stockholm, Göteborg, and Uppsala, 1965.

[9] Toshio Umezawa. On logics intermediate between intuitionistic and classical predicate logic. Journal of Symbolic Logic, 24(2):141–153, June 1959.