1Lambda-Calculus and FunctionalProgrammingJonathan P. SeldinDepartment of MathematicsConcordia UniversityMontr�al, Qu�bec, Canadaseldin@alcor.concordia.caThe lambda-calculus is a formalism for representing func-tions.By the second half of the nineteenth century, the conceptof function as used in mathematics had reached the point atwhich the standard notation had become ambiguous.For example, consider the operator P defined on realfunctions as follows:P[f(x)] = �f(x)˚—˚f(0)x for˚x˚›˚0f¢(0)for˚x˚=˚0 What is P[f(x + 1)]? To see that this is ambiguous, let f(x)= x2 . Then if g(x) = f(x + 1), P[g(x)] = P[x2 + 2x + 1] =x˚+˚2. But if h(x) = P[f(x)] = x, then h(x + 1) = x + 1 ›P[g(x)]. This ambiguity has actually led to an error in thepublished literature; see the discussion in (Curry and Feys1958 pp. 81�82).As the above explanation shows, it is possible to clarifythe ambiguity by adding a paragraph of explanation or someother ad hoc device every time the notation is used. But this

2was not sufficient for those who were constructing systems ofsymbolic logic for various reasons. The first of these wasGottlob Frege (1848-1925), who was trying to show that mathe-matics is all a part of logic and wanted a systematic notationfor everything, including functions.As a part of his formal system, he defined (Frege 1967)the graph

(Werthverlauf

,course-of-values

) of a function f,which he denoted by ˙e� f(e)¨. Thus, the course of values ofthe squaring function would be denoted ˙e�(e2) ¨ or ˙a�(a2) ¨(the Greek letters here being bound variables). It isextensional in the sense that e�(e2 - 4e) = a�(aÆ[a - 4]) ,which follows since x2 - 4x = x(x - 4). In (Frege 1893),Frege defined the application of a graph e� f(e) to an argumentD, which he denoted ˙D˙e� f(e)¨. In general, x˙z is defined sothat if z is the graph of a function, then x˙z is the value ofthat function for the argument x, while if z is not the graphof a function then x˙z is the graph of a propositionalfunction which is always false. Note that x˙z is defined forall objects x and z of the system. The principal theoremabout this function is f(a) = a˙e� f(e). This function wasextended to functions of more than one argument in (Frege1893, ⁄36) by the following trick: if F(x,y) is a function oftwo arguments, it is replaced by a function f of one argumentsuch that f(a) is the function of y given by F(a,y), andf(a)(b) is F(a,b). Thus, for example, if F(x,y) is x � y,then f(2) = 2˚� y, and f(2)(3) = 2 � 3 = � 1.

3The next formalism to deal with a notation for functionswas that of Bertrand Russell (1872-1970), see (Russell 1908).It was later incorporated in his work with Alfred North White-head (1861-1947), (Whitehead and Russell 1910-1913). He useda notation isomorphic to Frege�s, but only for propositionalfunctions; other functions were treated as special cases ofrelations.In the notation for propositional functions, Frege�s˙˙¨ was replaced by ˙e¨, but the types restricted it so thatit became essentially class (or set) membership.In 1920, Moses Sch�nfinkel (1889�c. 1942) gave a seminartalk at G�ttingen, later published as (Sch�nfinkel 1924), thatcarried this analysis of notations for functions a stage fur-ther. Sh�nfinkel�s objective was to reduce the number ofprimitives in a system like that of (Whitehead and Russell1910-1913) or like that developed by David Hilbert (1862-1943)in his lectures on the foundations of mathematics.In his system, which he called a

function calculus

(Funktionenkalk�l

), there is only one operation that formscompound terms: it is the one Sch�nfinkel wrote ˙fx¨, repre-senting the application of a function f to an argument x; itis defined for all terms. Sch�nfinkel adopted the trick ofFrege given above for reducing functions of more than one ar-gument to functions of one argument, although he seems to havedeveloped it independently of Frege. In this notation, it iscommon to write ˙fxyz¨ for ˙((fx)y)z¨.

4The system has three basic constants, C, S, and U. Theconstants C and S are characterized by transformations, sothat Cxy = x. This means that for any term a, Ca is the func-tion which, for any x, has the value a; Ca is thus the con-stant function whose value is a. The transformation rule forS is more complicated: Sxyz = (xz)(yz). Other functions of asimilar nature can be defined in terms of C and S, for exam-ple, SCCx = (Cx)(Cx) = x, so SCC is the identity function, I.Other functions which Sch�nfinkel defined in this way are a commuter

T with the property that Tfxy = fyx and a compositor

Z with the property that Zfgx = f(gx). The constant U has adifferent character: it represents a logical operator thatSch�nfinkel wrote ˙fx |x gx¨ and interpreted to mean ˙for allx, not both fx and gx¨.Later in the 1920s, Haskell B. Curry (1900�1982) was ledto essentially the same system. He had started reading(Whitehead and Russell 1910-1913) while he was still an under-graduate, and he noticed that in the very first chapter, whichdeals with propositional logic, there are two rules of infer-ence; the first, modus ponens, which says that from p˚�˚q andp we may deduce q, is very simple in its formal structure, butthe second rule, which allows the substitution of any formulafor a propositional variable, is much more complicated. (Thekind of complexity is that which would be noticed by somebodytrying to write a computer program for this formalism.) Inthe mid-1920s, Curry decided to try to break down this rule of

5substitution into simpler rules. In 1926, he realized that hecould do this with essentially the same formalism as Sch�n-finkel had introduced; Curry called it combinatory logic

. Hedid not discover Sch�nfinkel�s paper until November 1927.Curry was later to become so completely identified with combi-natory logic that the method of treating functions of morethan one argument in terms of functions of one argument, whichFrege used and which Curry took from Sch�nfinkel, has becomeknown as currying

.In a series of papers (Curry 1929; Curry 1930; Curry1931; Curry 1932; Curry 1933; Curry 1934 Properties; and Curry1934 Foundations), he developed an axiomatic theory based onthis formalism up to the point of including set theory. In(Curry 1929), he pointed out that for any term X formed fromthe atomic constants and variables x1 , x2 , �, xn , there isa term Y formed from the constants alone such that Yx1 x2 �xn˚= X, and in (Curry 1930) he gave axioms to make this Yuniquely determined (in terms of the equality that the systemaxiomatized). In (Curry 1933), he defined the term [x1 ,x2,�,xn ]X to be this term Y. It follows by a simplesubstitution that for any terms M1 , M2 , �, Mn , YM1 M2 �Mn equals the result of substituting M1 , M2 , �, Mn for x1 ,˚x2,˚�,˚xn respectively in X, and hence [x1 ,x2 ,�,xn ]X behaveslike a multiple version of Frege�s graph. The logicalconnectives and quantifiers were defined as atomic constantswithout special properties with respect to equality; in (Curry

61930) the constants are P for the universal quantifier and Pfor implication, so that ˙("x)A¨ would be represented in thesystem by ˙P([x]A)¨ and ˙A � B¨ by ˙PAB¨. The atomicconstants Curry had discovered on his own were I (

identity

)with Ix = x, C ( commutor

) with Cfxy = fyx, B ( compositor

) withBfgx = f(gx), and W ( diagnalizer

) with Wfx = fxx. Hisdiscovery of Sch�nfinkel�s paper gave him Sch�nfinkel�s C,which he called ˙K¨, and also Sch�nfinkel�s S, now written˙S¨. In (Curry 1929), the atomic constants are K and S, butCurry did not feel that he understood the meaning of S as wellas he understood that of the other atomic constants, and sothe atomic constants for the rest of the papers in the seriesare B, C, K, and W. (Actually, Curry only started usingspecial type for the combinators in (Curry and Feys 1958), butthe usage has become standard so I will follow it here.)Meanwhile, Alonzo Church (1903-present) wanted to con-struct a modification of Frege�s system in which the use offree variables would be avoided. One of his goals was that�every combination of symbols belonging to our system, if itrepresents a proposition at all, shall represent a particularproposition, unambiguously, and without the addition of verbalexplanations.� (He also proposed to avoid the paradoxes ofset theory and logic by restricting the law of excluded mid-dle.) Church made Frege�s treatment of functions basic to hissystem in the sense that terms were formed from the variablesby two operations: (1) application

, which is denoted ˙MN¨ as

7in the work of Sch�nfinkel and Curry, which represents the ap-plication of a function M to an argument N and which is de-fined for any two terms M and N, and (2) abstraction

, which isdenoted ˙lx.M¨ and is defined (in Church�s original system)for any term M and for any variable x which occurs free in

M .Church�s rules of inference included one for changing boundvariables and another for the calculation of the values of a function by a rule which is now called rule (b): (lx.M)N canbe replaced by the result of substituting N for x in M. LikeCurry, he represented the logical connectives and quantifiersby atomic constants. He published this system in (Church1932�1933), but much of his motivation did not become clearuntil later papers, such as (Church 1951; Church 1951�1954).Church�s original notation was actually more complicatedthan this, in that he wrote ˙{M}(N)¨ instead of ˙MN¨. The no-tation shown here is that of later work in the lambda-calcu-lus, starting with (Church 1941).During this period, Church had two graduate students,Steven Cole Kleene (1909-present) and John Barkley Rosser(1907-1989). Kleene studied arithmetic in Church�s system,and wrote (Kleene 1934) and (Kleene 1935).Kleene used a representation of the natural numbers suggestedoriginally by Church; 1 is represented by lxy.xy, 2 bylxy.x(xy), 3 by lxy.x(x(xy)), etc. Under this representation,0 would have to be lxy.y, but in Church�s original system thisis not a well-formed term since x does not occur (free) in y.

8In versions of the lambda-calculus used today, this is a well-formed term, and these terms, when used to represent the natu-ral numbers (including 0) are not called the

Church numerals

.Rosser began work on a different version of combinatorylogic, which led to his dissertation (Rosser 1935). In 1934,he and Kleene discovered something important about both thesystem of logic of Church and the combinatory logic of Curry:

both sys tems are inconsistent in that they admit Richard�sparadox (Kleene and Rosser 1935). Curry then began a thoroughstudy of their paradox in detail; this led first to a new ex-position of the paradox (Curry 1941 Paradox) and then to anew, simpler contradiction (Curry 1942 Inconsistency), whichhas since come to be known as

Curry�s paradox

.Curry�s paradox can be stated fairly easily using the fixed-point operator

(which Curry originally called the paradoxical combinator

). This is the term Y, which can be definedto be lx.(ly.x(yy))(ly.x(yy)) and has the property that YFconverts to F(YF), thus making YF a fixed point of F.Clearly, if N is negation, then YN is the fixed point of nega-tion and converts to N(YN), which is itself paradoxical. ButCurry�s paradox does not require negation; implication isenough. Suppose that in a system of combinatory logic or l-calculus with an atomic constant P denoting implication, thereis added a predicate ˙provability¨, with the following proper-ties: 1) the scheme P(PX(PXY))(PXY), which is a well knowntautology that is also a theorem of intuitionistic proposi-

9tional logic, is provable for any two terms X and Y, 2) therule of modus ponens (from PXY and X to conclude Y) is satis-fied, and 3) any term convertible to a provable term is prov-able; then the system is inconsistent in the sense that anyterm Y is provable. For let Y be any term and let X beY(lx.Px(PxY)). Then X converts to PX(PXY). It follows thatthe term P(PX(PXY))(PXY), which is provable by hypothesis,converts to PX(PXY), which is therefore provable, and sincethis converts to X, it, too, is provable. Hence, by modus po-nens, PXY is provable, and, by modus ponens again, so is Y.On the other hand, Church had good reasons to believethat the part of the systems dealing with the representationof functions was consistent. The corresponding part of combi-natory logic had been proved consistent in (Curry 1930); itwas only the system obtained by adding the additional postu-lates of (Curry 1934 Properties) that was inconsistent.(Kleene and/or Rosser told Curry that it was (Curry 1934 Prop-erties) that gave them what they needed for their proof of in-consistency.) Church therefore had reason to believe that thecorresponding part of his system was also consistent. Thus,he separated from the rest of the system of (Church 1932-1933)the part dealing with representing functions and calculatingtheir value, and he called it the ˙lambda-calculus¨, and heand Rosser proved it consistent in (Church and Rosser 1936) bya result known as the

Church-Rosser Theorem .

1 0

MNPQThe Church-Rosser Theorem applies to more general sys-tems than lambda-calculus. It says that if there is anyrewriting procedure that makes it possible to transform a termM into terms N and P, then there is a term Q into which both Nand P can be transformed by the same rewriting rules. Whenthe rewriting rules involve replacements of parts of formulas,this implies that the order in which the parts are replaceddoes not make a difference. In the lambda-calculus, therewriting rules are changes of bound variables and the rule(b), and define a relation called

reduction

. The third ruleof the lambda-calculus, which is the reverse of rule (b), al-lows the calculations of the values of functions to be re-versed, and is called expansion

. When one term is transformedinto another by reduction and expansion steps, the terms aresaid to be convertible

. A corollary of the Church-Rosser The-orem, which is often taken as another form of the theorem it-self, says that if two terms are convertible, then there is a

1 1 term to which both reduce. Furthermore, for those lambda-terms which have normal forms

(i.e., which reduce to termswhich cannot be further reduced), the Church-Rosser Theoremimplies that normal forms are unique up to changes of boundvariables. The Church-Rosser Theorem and its corollaries havebecome important in term rewriting theory, where a system ofrewriting rules is not considered coherent unless it satisfiesthe Church-Rosser property.At about the same time, Church began to realize that, inan important sense, the lambda-calculus is complete

. As a re-sult of his work on representing arithmetic in Church�s origi-nal system, Kleene had discovered a great many functions thatcan be represented by lambda-terms. Since the lambda-termrepresenting a function will calculate its values using a me-chanical procedure (reduction using the rule (b)), any func-tion which can be represented by a lambda-term is effectively calculable (mechanically calculable)

. As a result of Kleene�sresults and some similar results of Rosser, Church conjecturedthat any effectively calculable function of natural numberscan be represented by a lambda-term. This conjecture was theorigin of

Church�s Thesis

, and was published in (Church 1936Unsolvable), where Church used the lambda-calculus to showthat there are unsolvable problems of elementary number the-ory. The more usual form of Church�s thesis, that all effec-tively computable functions are (partial) recursive, is a con-sequence of a proof in (Kleene 1936 l-definability) that a

1 2 function is recursive if and only if it can be represented bya lambda-term. The definition of a (partial) recursive func-tion is due originally to Jacques Herbrand (1908�1931) andKurt G�del (1906�1978), but it was Kleene who really developedrecursive function theory, beginning with (Kleene 1936 Gen-eral). Nevertheless, as Rosser recalls in (Rosser 1984),G�del did not believe Church�s thesis until after Alan Turing(1912�1954) defined an abstract computer (now called a

Turing machine

) in (Turing 1936) and proved in (Turing 1937) that anumerical function can be computed by a Turing machine if andonly if it is (partial) recursive.What (Church 1936 Unsolvable) actually proved is thatthere are classes of problems of the form P(n) for each natu-ral number n such that there is no general algorithm which,given n, will produce a solution to P(n). The particularproblems which Church proved unsolvable are 1) to determinefor a given lambda-term whether it has a normal form, and 2)to determine for two given lambda-terms whether they are con-vertible. These problems become problems of elementary numbertheory when the terms are coded by natural numbers. Churchcalled this coding ˙G�del numbering¨ after the numbering in-troduced in (G�del 1931), but today we can just as well thinkof the numerical coding that is automatically involved whenanything is represented in a computer. Church used the re-sults of (Church 1936 Unsolvable) to prove (Church 1936 Note;Church 1936 Correction) that there is no algorithm that will

1 3 decide whether a given formula of the first-order predicatecalculus is a theorem.The lambda-calculus was also used (Church and Kleene1937) to represent some of the transfinite ordinal numbers.(Kleene 1938) separated representations of the transfinite or-dinal numbers from the lambda-calculus. These two papers sep-arated the transfinite ordinal numbers from set theory, wherethey had first appeared. This was important for logic at thetime because Gerhard Gentzen (1909�1945) proved (Gentzen 1936)the consistency of first order arithmetic using transfinite induction on certain ordinal numbers (the ordinal numbers upto e0 ). Separating these transfinite ordinal numbers from settheory was important in understanding just what this proof in-volved. This work of Church and Kleene was the beginning ofthe subject of

ordinal diagrams

, which is important in prooftheory.These results of Church and his associates are all pre-sented in (Church 1941). Also found there is a variant of thelambda-calculus which is closer to Curry�s combinatory logicin that the combinator K can be defined in it. Church calledthis ˙l-K-conversion¨, and it has now come to be called ˙thelK-calculus¨; Church�s original system is now called the ˙lI-calculus¨.The lK-calculus is formed by defining lx.M to be well formedeven if x does not have a free occurrence in M.

1 4 Meanwhile, Curry looked again at the foundations of hisversion of combinatory logic, and produced a revision of thesefoundations and a new consistency proof of the underlying sys-tem (Curry 1941 Revision; Curry 1941 Consistency). Here con-sistency was proved using the Church-Rosser Theorem, and com-pleteness referred not to the representability of partial re-cursive functions but to the provability of an equation be-tween any two combinatory terms which represent convertiblelambda-terms.During this same period, Rosser was working on the exactrelationship between lambda-calculus and combinatory logic.This led to his paper (Rosser 1942), in which he defined ab-straction in combinatory logic by a simple induction on thelength of the term. (This definition also appeared in (Church1941).) When Curry saw this and reformulated it in terms ofthe basic combinators he was using, he finally understood therole of Sch�nfinkel�s S. (Rosser used a set of atomic combi-nators different from any used by Curry, and did not use S inhis definition.) Although Curry saw this in the spring of1942, it did not appear until (Curry 1949).The definition is as follows: [x]x is I; [x]a is Ka, where ais a variable distinct from x or is an atomic constant; and[x]MN is S([x]M)([x]N). This definition, or a variant of it,has become the standard way of defining abstraction in combi-natory logic.

1 5 This work by Rosser and Curry clarified the connectionbetween lambda-calculus and combinatory logic to such an ex-tent that the two have been considered equivalent ever since.Aside from the differences in the basic rules of term forma-tion, the main differences concern the properties of the re-duction and conversion (equality) relations.The natural reduction for combinatory logic, called weak reduction

, does not allow replacements within the scope of anabstraction operator; this is because [x]M is an abbreviationfor a term in which M and its subterms do not occur. On theother hand, in the natural reduction for lambda-calculus, re-placements inside the scope of an abstraction are extremelynatural. Thus, what is now called

lb-reduction satisfies ascheme which weak reduction does not, namely (x): if M reducesto N, then lx.M reduces to lx.N. (The same is true if˙reduces¨ is replaced by ˙converts¨.) This gives us two kindsof reduction and two kinds of conversion.There is a third kind of each of reduction and conver-sion: Curry�s original papers all included postulates to sat-isfy a principle of extensionality

(z): if Mx converts to Nx,where x does not occur free in M or N, then M converts to N.It turns out that for conversion (but not reduction), (z) isequivalent to the conjunction of (x) and (h): if x does notoccur free in M, then lx.Mx converts to M. (Note that thissays that everything converts to an abstraction.) If (h) for

1 6 reduction is added to the postulates for lb-reduction, the re-sult is usually called

lbh-reduction orlh-reduction

.Equality relations in combinatory logic equivalent tolb-conversion and lbh-conversion are relatively easy to de-fine. But reduction relations in combinatory logic corre-sponding to the corresponding l-reductions are not so easy.Curry defined a combinatory reduction, called strong reduction in (Curry and Feys 1958 ⁄ 6F) which is equivalent to lbh-re-duction. However, a completely satisfactory combinatory re-duction equivalent to lb-reduction has still not been found.Curry was working on this with J. Roger Hindley (1939�present)and Jonathan P. Seldin (1942�present) at the time of his deathin 1982 (see (Curry, Hindley, and Seldin 1984)), and MohamedMezghiche (1953—present) in (Mezghiche 1984) gives a proposalfor this kind of reduction, and in (Mezghiche 1989) he gives apartial characterization of terms in normal form, but for noneof the candidates for a combinatory beta-reduction do we yethave a complete characterization of terms in normal form.These reactions to the Kleene-Rosser paradox led to ideasthat are now considered fundamental in logic and computer sci-ence, but they did not advance the original objectives ofChurch and Curry in designing their original systems. WhenChurch later came back to the elucidation of Frege�s ideas in(Church 1951), he used a version of lambda-calculus with typesthat he had originally introduced in (Church 1940). The typesof this system differ from the types of (Russell 1908; White-

1 7 head and Russell 1910-1913) in that the types are not naturalnumbers but are more like the data types of modern computerlanguages. Type theory based on this kind of typed lambda-calculus has since been studied by a number of people, includ-ing Leon Henkin (1921�present), who proved its completeness(Henkin 1950) in connection with the development of his proofof completeness of the first-order predicate calculus; seealso (Henkin 1963). But the most important work on this typetheory was done by Peter B. Andrews (1937�present), who hasused it as the basis of a system of automatic theorem-provingTPS; see (Andrews 1965; Andrews 1986), including the refer-ences given there, for the type theory itself and (Andrews etal. 1988) for TPS.Church�s system has two atomic types, o (the type ofpropositions) and i (the type of individuals). Other atomictypes have been used in recent variants of typed lambda-calcu-lus, and these atomic types are now thought of as the basictypes of most modern programming languages (such as Integer,Real, Boolean, String, etc.) The compound types are the typeof functions from a to b, which is now usually denoted˙a˚fi˚b¨, but which Church denoted ˙(ba)¨. Russell�s ˙first-order (propositional) functions¨ correspond to terms of typei fi o, his ˙second-order (propositional) functions¨ correspondto terms of type (i fi o) fi o, etc. The types limit the forma-tion of terms, since to apply M to N, the type of N must be aand the type of M must be a fi b; then MN has type b. If x is

1 8 a variable of type a and M is a term of type b, then lx.M hastype a fi b.One of the most important results concerning typedlambda-calculus is that every typed term has a normal form(i.e., it reduces to a term which cannot be further reduced).This was originally proved by Alan Turing, who was a graduatestudent at Princeton during 1936�38 and heard Church lectureon the type theory in 1937�38, but Turing never published thisproof, and it was only published by Robin Gandy (1919�present)in (Gandy 1980). (The first published proof is due to Curry(Curry and Feys 1958 Theorem 9F9); many other proofs have ap-peared since.)A stronger version of this result, known as the

strong normalization theorem

, says that every reduction sequence be-ginning with such a term terminates in a term in normal form;the standard method now used for proving it was introduced byW. W. Tait (1929�present) in (Tait 1967). For an expositionof this proof, see (Hindley and Seldin 1986 Appendix 2). Thisstrong normalization theorem is now considered necessary forany variant of typed lambda-calculus.Another important property of Church�s type theory isthat the typed lambda-terms can be interpreted in a set-theo-retic universe, where the types are interpreted as sets ofterms and a fi b is interpreted as the set of all types whosedomain is a and whose range is a subset of b.

1 9 This kind of interpretation is impossible for purelambda terms, since in a set-theoretic universe not all termsM and N can be interpreted in such a way that M is interpretedas a function and N as an object in its domain. The restric-tion on application terms with types guarantees that this kindof interpretation is always possible.Meanwhile, Curry had been working on an idea that turnedout to be very similar (although that was not to be clear fortwo decades); he called it the ˙theory of functionality¨, andit was about categories that turned out to be similar toChurch�s types. But Curry started earlier, presenting theidea to the American Mathematical Society in 1930 and publish-ing it in (Curry 1934 Functionality) and (Curry 1936).Curry�s idea differed from Church�s type theory in that in-stead of having the types assigned by the rules of formation,they are assigned by the deductive rules of the system. Thereis a term F with the property that FabX means that X is afunction from a to b, so that Fab corresponds to Church�s typea fi b. Curry originally defined F in such a way that FabXconverts to ("x)(ax � b(Xx)); hence, FabX actually says some-thing more general than that X is a function from a to b; itsays that X is a function whose domain includes a and that un-der X the image of a is included in b. In the theory of func-tionality, variables are not assigned fixed types; rather,types are assigned to variables by assumptions. So whereas inChurch�s system, if x is a variable of type b, the term lx.x

2 0 has type b fi b for this particular type b, in Curry�s theory offunctionality, I has type Faa for

any type a.Even before Kleene and Rosser discovered their inconsis-tency, Curry had planned to use the theory of functionality tohelp avoid paradoxes. After his study of their paradox, Currydeveloped a plan for trying to find �partially typed systems�(systems that are untyped in their basic formation rules butuse the theory of functionality as an important part of theirdeductive rules) that could be proved consistent and wouldserve the purpose of his original system. He called this kindof system illative combinatory logic

. To prove systems con-sistent, he planned to use the techniques of (Gentzen 1934).He discussed these plans in (Curry 1942 Combinatory; Curry1942 Advances).The plans were to look at systems based on three differentsets of logical primitives. The first was to use as a primi-tive the term F of the theory of functionality. The secondwas to use a term X representing restricted generality

; XXYhas the logical properties of ("x)(Xx � Yx). The third wasto use primitives for the universal quantifier and implica-tion, the theory of universal generality

. Curry thought atthe time that these three systems came in increasing strength.Curry did not get back to any of this until the 1950s,when he had already started working on (Curry and Feys 1958).

2 1 He had convinced Robert Feys (1889�1961) to work with him onthis project because there was to be an emphasis on exposi-tion, and Feys was very good at writing exposition.He discovered that the most general possible form of the the-ory of functionality was inconsistent (Curry 1955).This is the form of the theory in which any term can occur asa type.It was not long before he found some versions of the theorywhich are consistent (Curry 1956). These results are all re-ported in (Curry and Feys 1958, Chapters 9�10).The most important of these versions is the one called basic functionality in (Curry and Feys 1958, Chapter 9). Its char-acteristic is that terms can only occur as types if they areformed the way the types of Church�s type theory are formed,from atomic types by the construction of Fab from a and b.Curry was still thinking of the statement that term X has typea as aX, the application of a to X. The way types are formedin the basic theory prevents any reductions in aX that do notoccur in X, but that is an accident of the basic theory, andin (Curry and Feys 1958, Chapter 10), there is an inferencefrom KbX (saying that X has type Kb)to b.In the mid-1960s, Curry had the idea of restricting theuse of conversion rules in the theory of functionality so thatconversions would have to take place either entirely withinthe type or entirely within the term. This made the theory offunctionality less a foundational system for parts of mathe-

2 2 matics and more like the rules of term formation in Church�stype theory, and in fact this version of the theory of func-tionality is now called type assignment

.Type assignment for the lambda-calculus is defined as asystem of natural deduction in the sense of (Gentzen 1934),where the assumptions assign types to variables. There aretwo rules: one for introducing the arrow type(G,˚x˚:˚a˚�˚M˚:˚b˚�˚G˚�˚(lx.M) : a fi b, provided that x doesnot occur free in G) and one for eliminating it (M˚:˚a fi b,N˚: a � MN : b). In combinatory logic, the rule for intro-ducing the arrow type is replaced by an axiom scheme assigningtypes to the atomic combinators: I : a fi a, K˚:˚a˚fi (b fi a),and S˚:˚(a˚fi˚(b˚fi˚g))˚fi˚((a˚fi˚b)˚fi˚(a˚fi˚g)).Although all partial recursive functions can be repre-sented in the untyped lambda-calculus, not all such functionscan be represented by terms to which types are assigned. Thisis not only because any numerical function represented by atyped term must be a total function; there are total recursivefunctions which cannot be represented by a term with a type.Which functions can be represented by typed terms depends onexactly how the numbers and functions are represented and whattypes they have.If the Church numerals are used and no special arithmetictypes are introduced, then the functions which can be repre-sented are given by Helmut Schwichtenberg (1942—present) in(Schwichtenberg 1975-6). In this case, each of the Church nu-

2 3 merals has each type of the form (a fi a) fi (a fi a). On theother hand, numerals can be represented by new constants 0 ands (for zero and successor), provided that a primitive recur-sion operator or an iterator (a mapping from these new con-stants to the corresponding terms used in the Church numerals)is also introduced as a new constant, and an atomic type N forthe natural numbers can also be introduced; in this case, wecan represent more numerical functions, and, in fact, what wehave is the system T of functionals of finite type introducedby G�del for interpreting arithmetic in (G�del 1958). For anexposition of this interpretation see (Hindley and Seldin 1986Chapter 18).In the 1950s, Curry noticed that if the terms are removedand the arrow interpreted as implication, then the axiomschemes for the basic combinators become well-known schemesfor the implication fragment of intuitionistic propositionallogic (and in fact form a complete set of axiom schemes forthis logic) and the rule for eliminating the arrow types be-comes the rule of modus ponens; see (Curry and Feys 1958 ⁄9E).At the end of the 1960s, a number of people realized indepen-dently that it is possible to think of the types as formulasand of the terms as proofs, and, in doing this, extended theidea to other connectives and quantifiers : W. A. Howard(1926—present), N.G. de Bruijn (1918�present), H. L�uchli(1933—present), and Dana S. Scott (1932�present); forreferences see (Hindley and Seldin 1986 p. 194). Joachim

2 4 Lambek (1922�present) had a similar idea about the same time,but he emphasized the relation to category theory and wasconcerned with equivalence classes of proofs regarded asbeing, in some sense, the same proof; see (Lambek 1968; Lambek1969; Lambek 1972; Lambek 1974). Of the papers thatintroduced this idea of formulas-as-types

, (Howard 1980) hasbecome so well known that the idea is often called the ˙Curry-Howard isomorphism¨, even though this does some injustice tothe others. This idea has turned out to be very fruitful inproof theory.After the publication of (Curry and Feys 1958), Curryturned his attention to the theory of restricted generality;see (Curry 1960; Curry 1961). Further work done with JonathanP. Seldin (Seldin 1968, Chapters 4�5; Curry et al. 1972 Chap-ters 15�16) obtained consistency proofs for systems strongenough to interpret first-order logic, and indicated that forthese systems there is not that much difference between re-stricted generality and universal generality. An extension inwhich it is possible to mention propositions but not quantifyover them is (Curry 1973); this system has interesting models,which Peter Aczel (1941—present) calls

Frege struc tures ; see(Aczel 1980; Scott 1975). Extensions to higher order logichave been made by Martin W. Bunder (1942�present), who hasbeen interested in interpreting set theory in this kind ofsystem and who has based all of his work on the theory ofrestricted generality; see (Bunder 1969; Bunder 1983 Predi-

2 5 cate; Bunder 1983 One; Bunder 1983 Set; Bunder 1983 Weak; Bun-der 1986/7). In (Bunder 1984), he showed that category theory(which cannot be easily interpreted in set theory) can be in-terpreted in a system of restricted generality.Frederic B. Fitch (1908�1987) also worked on systems ofof logic based on combinatory logic. But Fitch�s systems, al-though provably consistent, have never attracted much atten-tion, and they are not very strong. See (Fitch 1936; Fitch1963; Fitch 1974; Fitch 1980 Consistent; Fitch 1980 Exten-sion). Another logician who worked on type-free systems oflogic was W. Ackermann (1896�1962), but his systems, althoughprovably consistent, never caught on any more than Fitch�ssystems did; see (Ackermann 1950; Ackermann 1952�1953).Still another approach to logic based on lambda-calculusis due to Solomon Feferman (1928�present), who has combinatorswhich are not defined for all arguments. He has systems thatcan easily be shown to be conservative extensions of systemsknown to be consistent and are hence adequate for standardtheories. See (Hindley and Seldin 1986 pp. 295ff) and thereferences given there.In Feferman�s systems, Ka (and hence Kax) and Sab are definedwhenever a and b are, but Sabx is not always defined even whena and b are. See the discussion of uniformly reflective structures below.Additional work on lambda-calculus and logic has beendone by Adrian Rezus (1949�present); see (Rezus 1981).

2 6 For some logicians, the interpreting of logic and settheory in combinatory logic or lambda-calculus was much lessimportant than interpreting the type-free lambda-calculus inset theory. For these logicians, such an interpretation isnecessary for the lambda-calculus to be more than an emptyformalism. This was not a consideration for most logicians ac-tive in the 1930s, which was before most model theory had beendeveloped, but by the 1950s it had become a major issue, espe-cially in the United States. This is probably due to the in-fluence of Alfred Tarski (1901—1983), the founder of modeltheory, who travelled from Poland to the U.S.A. to attend aconference scheduled to begin on 1 September 1939 and was un-able to return to Poland after World War II broke out. As aresult, he settled in the U.S.A. and had many students thereat a time when a lot of government money was becoming avail-able for scientific research. Thus, by the 1960s, the lack ofmodels for the lambda-calculus had become a major obstacle toits acceptance among many logicians.It is, of course, easy to create trivial models of thelambda-calculus: the term models

, which are equivalenceclasses of terms under conversion. But these trivial modelsare not satisfying as an indication of the meaning of thelambda-calculus to logicians who need a model for such a mean-ing. At first, the problem of finding a non-trivial modelfor the lambda-calculus must have seemed hopeless. The factthat every term in the lambda-calculus can be applied to any

2 7 other term means that the domain of any model, D, would haveto be isomorphic to the set of all functions from D into it-self, but Georg Cantor (1845�1918) had already proved that im-possible. But at the end of the 1960s, Dana S. Scott realizedthat it is not necessary for a model of the lambda-calculusthat D be isomorphic to the set of all functions from D intoitself; it is enough that D be isomorphic to a suitably richsubset of the set of functions from D to itself. Scott�s ideawas to use the set of continu ous functions from D to itselffor a set D with a suitable topology. Currying identifies theset of functions from the set of ordered pairs of elements ofD into D with the set of functions from D to itself; this sug-gests using a class of topological spaces that form a carte-sian closed category. Scott used the category of continuouslattices with an induced topology, and the model that resultsis usually called the D¥ model. For references, see (Hindleyand Seldin 1986 p. 154). He and Christopher Strachey(1916�1975) developed this idea into the subject of

denotational se mantics

; see (Stoy 1977) and the works citedthere.Scott�s model was studied mainly by Martin Hyland(1949�present) and Christopher P. Wadsworth (1946�present).Their work led to new syntactical insights. Among others whohave studied this model are Luis E. Sanchis (1926�present),Mario Coppo (1947�present), Mariangiola Dezani-Ciancaglini(1946�present), Simonetta Ronchi della Rocca (1946�present),

2 8 C. P. K. Koymans (1957�present), M. Zacchi (1947�present),Gordon Plotkin (1946—present), M. B. Smyth (dates?), and HenriVolken (1945�present); for references, see (Hindley and Seldin1986 p. 154; Barendregt 1984 Chapter 5 and Part V).Since Scott�s first model, others have been introduced.These include the model DA due independently to GordonPlotkin and Erwin Engeler (1930—present), studied by GuiseppeLongo (1947�present), the model Pw due to Gordon Plotkin andDana S. Scott, the model Tw due to Gordon Plotkin and studiedby Henk Barendregt (1947�present) and Guiseppe Longo, the B�hmtree model, due to Henk Barendregt (Barendregt 1984 ⁄18.3),the filter models, due to Henk Barendregt, Mario Coppo,Mariangiola Dezani-Ciancaglini, and Betty Venneri(1951�present), the hypergraph model, due to Luis E. Sanchis,and the information systems model due to Dana S. Scott.Different kinds of models can be constructed by changing theset theory, as was done by Michael von Rimscha (1952�present).Still another alternative is to abandon the requirement thatapplication always be defined; such partial models are the

uniformly reflec tive struc tures of H. R. Strong (1942�present)and E. G. Wagner (1931�present), which were intended to beaxiomatizations of abstract recursion theory, and which,again, show the relationship between lambda-calculus and thetheory of effective computability. For a list of these modelswith their properties and references, see (Hindley and Seldin1986 ⁄12F). See also (Barendregt 1984 Chapter 5 and Part V).

2 9 Finally, it is also natural to model lambda-calculus incategory theory instead of set theory; work on this has beendone by J. Lambek, Dana S. Scott, and C. P. J. Koymans (amongother people); see (Lambek and Scott 1986) and the referencesgiven there.As more and more models appeared, the question arose ofwhat it means to be a model of combinatory logic or thelambda-calculus. Finding a suitable definition turned out tobe more complicated than first anticipated, and the definitionof a model of the lambda-calculus is different (and more com-plicated) that that of a model of combinatory logic.Among the people who have worked on this are Albert R. Meyer(1941�present), J. Roger Hindley, Guiseppe Longo, Henk Baren-dregt, C. P. J. Koymans, and Kim Bruce (1948�present). See(Meyer 1982; Hindley and Seldin 1986 p. 128) and the refer-ences given in the latter.Models for typed lambda-terms or type assignment are mucheasier to construct, since, as pointed out above, the usualideas from set theory are sufficient; the basic types are as-signed sets, and the compound type a fi b is assigned to theset of all functions from the set assigned to a to the set as-signed to b. (Hindley 1983 Completeness) proves the complete-ness of type assignment to lambda terms in terms of this verynatural semantics, and (Hindley 1983 Curry�s) proves complete-ness with respect to a semantics based on models of thelambda-calculus.

3 0 We have already seen (in the discussion of Church�s the-sis above) that the lambda-calculus is a kind of model for ef-fectively computable functions. For this reason if for noother, it would seem natural to expect that lambda-calculuswould have become connected with electronic computers. Thereis a connection, but much of its importance has only been seenin the last couple of decades. Since then, however, the con-nection to computers has come to overshadow all other aspectsof lambda-calculus.It is true that Curry, who took a leave of absence fromThe Pennsylvania State University to do applied mathematicsfor the U. S. Government during 1942�1946, became a member ofthe ENIAC team in late 1945 and was, for a period in 1946, theActing Chief of the Computing Laboratory. As a result of thisexperience, he wrote a number of papers on computing, includ-ing one (Curry 1954) which proposed using combinators to com-bine programs into larger ones. But this does not seem tohave had much influence on later developments in computers.In 1960, John McCarthy (1927�present), who was working onLISP (McCarthy 1960), a language originally designed for sym-bolic computation using list representation (McCarthy 1981),needed a notation for functions and borrowed Church�s lambdanotation. But this was not really a use of the lambda-calcu-lus; in fact, the theoretical basis for LISP, to the extentthat it has one, is Kleene�s theory of recursive functions

3 1 (McCarthy 1963). Nevertheless, LISP was the first functional programming language.The idea behind functional languages is that instead ofgiving instructions about storing and modifying values, as isdone in traditional, imperative languages, functional lan-guages are based on the evaluation of expressions.For example, to program the factorial function, whose valuefor n is n(n � 1)(n � 2)�1, it is necessary to give the com-mandsINTEGER FUNCTION FAC(X)INTEGER NFAC = 1FOR I = 1 TO N FAC = FAC*I.(Here the first two lines declare the types of the variables,the third line initializes the value of the function, the lastline does the work of the computation, and N is the number forwhich we wish to evaluate FAC. In some languages a separateprogram must be written for each value of N.) In a functionallanguage, on the other hand, a complete definition using re-cursion can be as easy as the following:fac n fi

if zero n then 1else n * (fac (n � 1)) fiHere the function zero takes an integer as argument and re-turns true if the integer is 0 and false otherwise, and if athen belse cfi evaluates b if the boolean value of a is trueand evaluates c if the value of a is false.

3 2 In an imperative language, there are often side effects

;a command may have an unintended effect on another part of theprogram (by changing a value stored in a particular location),and avoiding these side effects is one of the problems in-volved in writing a good program. On the other hand, in a pure functional language

, in which evaluation of expressionsis all there is, there are no side effects. Most functionallanguages are not pure, but make some compromise with theprinciples of pure functional languages for convenience of ei-ther use or implementation, and these languages do have someside-effects.Clearly, the lambda-calculus is a paradigm of a purefunctional language.The first publications to suggest the importance of thisuse lambda-calculus in programming were by Corrado B�hm(1923�present) and Peter Landin (dates?); see (B�hm 1966;Landin 1964; Landin 1965). About the same time, ChristopherStrachey proposed the use of lambda-calculus for semantics(Strachey 1966).In the evaluation of expressions, it is often necessaryto find an instance of a general pattern rather than a partic-ular expression.In the functional definition of the factorial function givenabove, it was necessary to determine whether a natural numberis zero. But in a function on lambda terms implementing b-re-

3 3 duction, for example, it is necessary to determine whether ornot an expression has the form (lx.M)N, which means that thetest here is for a pattern.This is known as

pattern-matching

, and is a feature of almostall new functional programming languages. It was introducedindependently by R. Burstall (1934�present) and David Turner(1946�present); see (Burstall 1969; Turner 1976).John Backus (1924�present) emphasized the limitations ofimperative languages and raised the level of awareness offunctional programming in (Backus 1978), a paper which had amajor impact.Up until this point, there was interest in the idea offunctional languages, but efficient implementations were a ma-jor problem. This began to change about 1980, when largercomputers capable of serious symbolic calculation began to be-come available and affordable. But David Turner also helpedthings along with a new idea for more efficiency (Turner1979).Turner�s idea concerned the way terms are represented in thecomputer. The natural way is to represent them as trees. Butthis can involve considerable duplication, for example in thereduction of SXYZ to XZ(YZ), the tree representing Z is dupli-cated. Even more duplication may be required in conversionsinvolving the fixed-point operator, converting YF to F(YF).Turner proposed replacing these duplicated parts of the trees

3 4 with pointers to a single location, so that parts of the treeare not duplicated but stored only once.This is now the standard method of implementing functionallanguages.Another question that arises in the implementation offunctional languages is the order in which evaluation stepstake place. The Church-Rosser Theorem (see above) tells usthat it makes no difference in theory in which order replace-ments are made in reducing terms, but in practice the order inwhich replacements are made can make a big difference in effi-ciency. Furthermore, an order which is efficient in one con-text may not be efficient in another. For this reason, Landinproposed an order he called ˙lazy evaluation¨ (Landin 1965),which has become one of the standard strategies of evaluation.In lazy evaluation, functions are evaluated symbolically be-fore the values of their arguments are evaluated (unless thevalues of the arguments are needed for the symbolic evaluationof the function). In the pure lambda-calculus, lazy evalua-tion means always carrying out the replacement as far left aspossible. Thus, lazy evaluation reduces KxU to x immediatelyregardless of what happens to U; in fact, U may not have anormal form.But lazy evaluation conflicts with strictness

. Strictnessmeans that if any argument of a function has no value, thenthe function has no value.

3 5 Thus, Kx is not strict in ordinary lambda calculus, as theprevious example shows. Alan Mycroft (1956�present) has in-troduced (Mycroft 1981) ˙strictness analysis¨, which enables acompiler to combine these two approaches in an efficient man-ner.A background to this work on efficient evaluation of func-tional languages is the work done on various strategies oflambda-reduction. Since the 1960s, work in this area has beendone by G�rard Berry (1948�present), Jean-Jacques L�vy(1947�present), J. W. Klop (1945�present), and Jan Bergstra(1951�present), and related work on reduction has been done byJ. R. Hindley and Gerd Mitschke (1941—present); see(Barendregt 1984 Part Chapter 3 and III) and the referencesgiven there.For a general discussion of modern implementation tech-niques, see (Peyton Jones 1987).Just as the untyped lambda-calculus is a paradigm for apure functional language, so typed lambda-calculus or lambda-calculus with type assignment is a paradigm for the typingdiscipline in programming languages in general. This meansthat questions arising in connection with types in general canbe treated in terms of type assignment. This matter was firsttaken up in computer science by the functional programmingcommunity, and, in particular, by Robin Milner (1934�present)in (Milner 1978).

3 6 This paper deals with the problem of a program that is essen-tially the same over any of several types but which, in theolder imperative languages must be rewritten for each separatetype. For example, a sort routine may be written with essen-tially the same code except for the types for integers,booleans, and strings. It is clearly desirable to have amethod of writing a piece of code that can accept the specifictype as an argument. Milner developed his ideas in terms oftype assignment to lambda-terms. It is based on a result dueoriginally to Curry (Curry 1969) and Hindley (Hindley 1969)known as the principal type-scheme theorem, which says that(assuming that the typing assumptions are sufficiently well-behaved) every term has a

, which is atype-scheme such that every other type-scheme which can beproved for the given term is obtained by a substitution oftypes for type variables. This use of type schemes allows akind of generality over all types, which is known as polymorphism

.When type assignment is considered in connection withfunctional languages it is often necessary to adopt new primi-tive types and terms for constructions which can be defined interms of ordinary lambda-terms. One of these constructions isthe cartesian product type

, whose terms are ordered pairs.Pairs and their projection functions have been represented inpure lambda-calculus since the 1930s (Curry, Hindley, andSeldin 1972 ⁄ 13A3), but they do not always have the most de-

3 7 sirable properties with respect to types. In addition, thereis a property, the surjective property of pairing, which isdesirable in connection with category theory and which says,in effect, that every term is a pair; formally it says thatÆ

fst X, snd Xæ converts to X, where fst and snd are the leftand right projections respectively. In pure lambda-calculus,no representation of pairs and projections functions satisfiesthe surjective pairing property, and (Klop 1980) showed thatadding pairs and projection functions with the surjectiveproperty causes the Church-Rosser Theorem to fail. GarrelPottinger (1944�present) showed (Pottinger 1981) that fortyped terms, surjective-pairing is compatible with the Church-Rosser theorem. More recently, Klop and Roel C. de Vrijer(1949—present) have shown (Klop and de Vrijer 1989) that cer-tain special cases of the surjective property are consistentwith the Church-Rosser theorem in the untyped lambda-calculus;one of the cases is that in which X is required to be a termin normal form.Many of the newer functional languages are typed.A number of functional languages have been introducedover the years; the most important (and most easily used) datefrom about 1980 or later. (Landin 1964) introduced the

SECD machine

, and Landin went on to introduce the functional lan-guage ISWIM (Landin 1966). David Turner created three purefunctional languages: SASL (Turner 1976), KRC (Turner 1981),and Miranda (Turner 1985). A variant of LISP called SCHEME

3 8 was introduced by Guy L. Steele, Jr. (1954�present) (Steeleand Sussman 1978). Meanwhile, the language HOPE was intro-duced by R. M. Burstall, D. B. MacQueen (1946�present), and D.T. Sannella (1956�present); see (Burstall, MacQueen, and San-nella 1980). Another important functional language is ML(Milner 1984), which is the meta-language of LCF (an interac-tive system for reasoning about computable functions). ML in-cludes the basic system of type assignment to lambda-terms andcombinatory terms, and includes an algorithm for calculatingthe types.Richard Statman (1946�present) has reversed the usual proce-dure of calculating the types of terms and calculated theterms assigned to particular types. This has led to some in-teresting results; see (Statman 1980; Statman 1981).A more recent functional language is HASKELL (named forHaskell B. Curry), which is due to a team headed by Paul Hudak(1952�present) and Philip Wadler (1956�present); see (Hudakand Wadler 1988).These languages are all intended to be compiled (or in-terpreted) on a standard computer, whose design has more incommon with imperative languages than with functional lan-guages. But some people have been designing hardware to eval-uate the expressions of functional languages directly. Thesemachines have all been combinator reducers. Two importantprojects of this kind are NORMA at Burroughs (Scheevel 1986),

3 9 which has since been discontinued, and the CURRY chip at MITRECorporation (Ramsdell 1986).Another approach to the relation between lambda-calculusand computers, which is based on considerations from categorytheory, is due to P.-L. Curien (1953�present); see (Curien1986).The connections between lambda-calculus and computershave led to some important extensions of typed lambda calculusand type assignment. One important such extension is the sec-ond-order polymorphic typed lambda-calculus

, also known as the˙second-order lambda-calculus¨. It was introduced indepen-dently by Jean-Yves Girard (1947�present) (Girard 1971; 1972)and John C. Reynolds (1935�present) (Reynolds 1974). Underthe formulas-as-types notion, it represents a special kind ofsecond-order logic: propositional logic with a second-orderquantifier over propositions. The strong normalization theo-rem holds for the second-order lambda calculus.In the second-order lambda-calculus, it is often impor-tant to indicate the type a variable is assumed to have.Thus, instead of ˙lx.M¨, one writes ˙lx : a . M¨. There arenew abstraction and application operators for types (althoughnow it is common to use the same notation as for the oldones), and the introduction and elimination rules for the sec-ond-order quantifier are M : a � la.M : ("a)a (provided thata is a type variable not free in any assumption) andM˚:˚("a)a � Mb : [b/a]a, where b is any type and [b/a]a is

4 0 the result of substituting b for a in a. As an example, fromlx : a . x : a fi a, (which can be proved without assumption),we can use the introduction rule to deduce la˚.˚lx : a . x :("a)(a fi a). Then, for any type b, we can use the elimina-tion rule to deduce (la˚.˚lx : a . x)b : b fi b. There is asecond kind of lb-reduction that allows us to reduce (la˚.˚lx: a . x)b to lx : b . x.Another interesting extension of ordinary type assignmentis due to Mario Coppo and Mariangiola Dezani-Ciancaglini, andinvolves a new type constructor, the

intersection of two types(Coppo and Dezani-Ciancaglini 1978). In this system, both thenormalization theorem (every term with a type has a normalform) and its converse (every term in normal form has a type)hold. However, intersection types do not correspond to con-junctions under the formulas-as-types notion (Hindley 1984).In further work with Patrick Sall� (dates?) and Betty Venneri,they showed that if this system is further extended by a uni-versal type which is a type of every term, then the nature ofthe types (and in particular how the universal type occurs inthem) can be used to characterize terms that have a normalform and terms that have a ˙head normal form¨, where a headnormal form is a term that cannot be reduced by applying a re-duction rule at the head of the term (Coppo and Dezani-Ciancaglini and Venneri 1981; Sall� 1980). The completenesstheorem is given in (Hindley 1982). I. Margaria (1948�pre-

4 1 sent) has also done work on these types. For more sources see(Hindley and Seldin 1986 p. 223).The intersection types obey the following rules: M : a, M : b� M : a ˙ b and M : a ˙ b � M : a and a ˙ b � M : b. The rea-son that the formulas-as-types notion fails is that the termdoes not change in these rules, and so these terms cannot cod-ify proofs involving conjunction.Another extension of ordinary type assignment involvesreplacing the arrow type with the

dependent function type

.This type has the property that the type of the value of afunction depends on the argument as well as on the type of theargument.The dependent function type is often written ("x : A)B.Using the syntax of the second-order lambda-calculus to indi-cate the types of the bound variables, its introduction andelimination rules are G, x : A � M : B � G �("x˚:˚A)(lx˚:˚A˚.˚B), provided that x does not occur free inG, and M : ("x : A)B, N : A � MN : [N/x]B. The arrow typeA˚fi˚B can be defined as ("x : A)B for a variable x which doesnot occur free in B.Curry had the idea for this type in 1956, and the idea ismentioned in (Curry, Hindley, and Seldin 1972 pp. 343,353ff.), where it is called generalized functionality

, but thefirst real work on Curry�s version of this idea was done byJonathan P. Seldin in (Seldin 1979). But by then the depen-dent function type had already been used in the AUTOMATH pro-

4 2 ject (de Bruijn 1970; de Bruijn 1980), which was a system inwhich proofs could be verified by writing them in the lan-guage; using the formulas-as-types idea, if the coded versionof the proof was grammatically correct, then the proof wasvalid. (Other people who have worked on the AUTOMATH projectare Roel C. de Vrijer, L. S. van Benthem Jutting (1927�pre-sent), R. P. Nederpelt (1942�present), Diederik T. van Daalen(1949�present), I. Zandleven (dates?), and J. Zucker(1942�present); see (de Bruijn 1980) for references). The de-pendent function type is also important in the type theory ofPer Martin-L�f (1942—present) in his intuitionistic theory oftypes, which is a predicative intuitionistic type theory(Martin-L�f 1975; 1984). The type theory has, in turn, beenused as the basis of the

Nuprl proof development system (usingthe formulas-as-types idea) by Robert L. Constable(1942�present) and his associates at Cornell (Constable et al.1986).A proof development system differs from an automatic theoremprover in that in it the user selects the result to be provedand the basic strategy for carrying out the proof on an inter-active basis, and the computer does the work of carrying outthe strategy. At each stage the user selects the next tactic to be applied, where a tactic is, in a sense, a derived rulerun backwards.Because the type theory of Martin-L�f is predicative and thesecond-order lambda-calculus is not, it is not possible to in-

4 3 terpret the latter in the former. An impredicative systemsimilar to Martin-L�f�s type theory in which the second-orderlambda-calculus can be interpreted is the calculus of constructions of Thierry Coquand (1961�present) (Coquand and Huet1988), for which the strong normalization theorem has beenproved and which has been proposed as the basis of a proof de-velopment system similar to Nuprl. Coquand and G�rard Huet(1947�present) are continuing work on the calculus of con-structions at INRIA.Although the lambda-calculus did not lead to the kind offoundation for logic and mathematics for which its founderswere searching, it has shown itself to be extremely useful inseveral areas of logic and computer science.ACKNOWLEDGEMENTI would like to thank Peter Grogono and Roger Hindley fortheir helpful comments and suggestions.REFERENCESAckermann, W.,

Widerspruchsfreier Aufbau der Logic I. Typenfreies System ohne Tertium non datur

, ˙Journal of Sym-bolic Logic¨, 1950, XV, pp. 33�57.Ackermann, W.,

Widerspruchsfreier Aufbau einer typenfreien

Logik

, ˙Mathematische Zeitschrift¨, 1952, LV, pp. 364�384and 1953, LVI, pp. 155�166.Aczel, P.,

Frege structures and the notions of proposition, truth, and set

, in Barwise, J., Kiesler, H., J., Kunen,

4 4 K. (a cura di)

The Kleene Symposium

, Amsterdam, 1980, pp.31�59.Andrews, P. B.,

A Transfinite Type Theory with Type Variables

,Amsterdam, 1965.Andrews, P. B.,

An Introduction to Mathematical Logic and Type

Theory: to Truth through Proof

, Orlando, Florida, 1986.Andrews, P. B., Issar, S., Nesmith, D., Pfenning, F.,

The TPS

Theorem Proving System

, in Lusk, E., Overbeek, R. (a curadi),

9th International Conference on Automated Deduction

,Berlin, 1988 (˙Lecture Notes in Computer Science¨(Springer-Verlag), 1988, CCCX), pp. 760�761.Backus, J.,

Can programming be liberated from the von Neumann style? A functional style and its algebra of programs

,˙Communications of the A.C.M.¨, 1978, XXI, pp. 613�641.Barendregt, H.,

The Lambda Calculus: its Syntax and Semantics , Revised edition, Amsterdam, 1984.B�hm, C.,

The CUCH as a formal and description language

, inSteel, T. B. Jr. (a cura di)

Formal Language Description

Languages for Computer Programming

, Amsterdam, 1966, pp.179�197.de Bruijn, N. G.,

A survey of the project AUTOMATH

, in Hind-ley, J.P., Seldin, J.P. (a cura di),

To H. B. Curry: Essays on Combinatory Logic, Lambda Calculus and Formalism

,London, 1980, pp. 579�606.

4 5 Bunder, M. W.,

Set Theory Based on Combinatory Logic

, Ph.D.Dissertation, Amsterdam, 1969. Published (in five parts)˙Notre Dame Journal of Formal Logic¨, 1970, XI, pp.467�470; 1973, XIV, pp. 53�54, 341�346; 1974, XV, pp.25�34, 192�206.Bunder, M. W.,

Predicate calculus of arbitrarily high finite order

, ˙Archiv f�r mathematische Logik¨, 1983, XXIII, pp.1�10.Bunder, M. W.,

A one axiom set theory based on higher order predicate calculus

, ˙Archiv f�r mathematische Logik¨,1983, XXIII, pp. 99�107.Bunder, M. W.,

Set theory in predicate calculus with equality

,˙Archiv f�r mathematische Logik¨, 1983, XXIII, pp.109�113.Bunder, M. W.,

A weak absolute consistency proof for some systems of illative combinatory logic

, ˙Journal of SymbolicLogic¨, 1983, XLVII, pp. 771�776.Bunder, M. W.,

Category theory based on combinatory logic

,˙Archiv f�r mathematische Logik¨, 1984, XXIV, pp. 1�15.Bunder, M. W.,

Some generalizations to two systems of set theory based on combinatory logic

, ˙Archiv f�r mathematischeLogik¨, 1986/7, XXVI, pp. 5�12.Burstall, R. M.,

Proving properties of programs by structural induction

, ˙Computer Journal¨, 1969, XII, pp. 41�48.

4 6 Burstall, R. M., MacQueen, D. B., Sannella, D. T.,

HOPE: an experimental applicative language

, inConference Record of the 1980 LISP Conference

, 1980, pp. 136�143.Church, A.,

A set of postulates for the foundation of logic

,˙Annals of Mathematics¨ Second Series, 1932, XXXIII, pp.346-366 and 1933, XXXIV, pp. 839�864.Church, A.,

An unsolvable problem of elementary number theory

,˙American Journal of Mathematics¨, 1936, LVIII, pp.345�363.Church, A.,

A note on the

Entscheidungsproblem

, ˙Journal ofSymbolic Logic¨, 1936, I, pp. 40—41.Church, A.,

Correction to

A note on the Entscheidungsproblem

,˙Journal of Symbolic Logic¨, 1936, I, pp. 101�102.Church, A.,

A formulation of the simple theory of types

,˙Journal of Symbolic Logic¨, 1940, V, pp. 56�68.Church, A.,

The Calculi of Lambda Conversion

, Princeton, NewJersey, 1941.Church, A.,

A formulation of the logic of sense and denotation , in Henle, P., Kallen, H. M., Langer, S. (a curadi),

Structure, Method and Meaning

, New York, 1951, pp.3�24.Church, A.,

The need for abstract entities in semantic analysis , ˙Proceedings of the American Academy of Arts andSciences¨, 1951�54, LXXX, PP. 100�112.

4 7 Church, A., Kleene, S. C.,

Formal definitions in the theory of ordinal numbers

, ˙Fundamenta Mathematicae¨, 1937, XXVIII,pp. 11�21.Church, A., Rosser, J. B.,

Some properties of conversion

,˙Transactions of the American Mathematical Society¨,1936, XXXIX, pp. 472�482.Constable, R. L., Allen, S. F., Bromley, H. M., Cleaveland, W.R., Cremer, J. F., Harper, R. W., Howe, D. J., Knoblock,T. B., Mendler, N. P., Panangaden, P., Sasaki, J. T.,Smith, S. F.,

Implementing Mathematics with the Nuprl

Proof Development System

, Englewood Cliffs, New Jersey,1986.Coppo, M., Dezani-Ciancaglini, M.,

A new type-assignment for l-terms

, ˙Archiv f�r mathematische Logik¨, 1978, XIX, pp.139�156.Coppo, M., Dezani-Ciancaglini, M., Venneri, B.,

Functional characters of solvable terms

, ˙Zeitschrift f�r mathema-tische Logik und Grundlagen der Mathematik¨, 1981, XXVII,pp. 45�58.Coquand, T., Huet, G.,

The calculus of constructions

,˙Information and Computation¨, 1988, LXXVI, pp. 95�120.Curien, P-L.,

Categorical Combinators, Sequential Algorithms and Functional Programming

, London, 1986.Curry, H. B.,

An analysis of logical substitution

, ˙AmericanJournal of Mathematics¨ 1929, LI, pp. 363�384.

4 8 Curry, H. B.,

Grundlagen der kombinatorischen Logik

, ˙AmericanJournal of Mathematics¨, 1930, LII, pp. 509�536, 789�834.Curry, H. B.,

The universal quantifier in combinatory logic

,˙Annals of Mathematics¨ Second Series, 1931, XXXII, pp.154�180.Curry, H. B.,

Some additions to the theory of combinators

,˙American Journal of Mathematics¨, 1932, LIV, pp.551�558.Curry, H. B.,

Apparent variables from the standpoint of combinatory logic

, ˙Annals of Mathematics¨ Second Series,1933, XXXIV, pp. 381�404.Curry, H. B.,

Some properties of equality and implication in combinatory logic

, ˙Annals of Mathematics¨ Second Series,1934, XXXV, pp. 849�860.Curry, H. B.,

Functionality in combinatory logic

, ˙Proceedingsof the National Academy of Sciences (U.S.A.)¨, 1936, XX,pp. 584�590.Curry, H. B.,

Foundations of the theory of abstract sets from the standpoint of combinatory logic

(Abstract), ˙Bulletinof the American Mathematical Society¨, 1934, XL, p. 654.Curry, H. B.,

First properties of functionality in combinatory logic

, ˙T�hoku Mathematical Journal¨, 1936, XLI, Part II,pp. 371�401.

4 9 Curry, H. B.,

A revision of the fundamental rules of combinatory logic

, ˙Journal of Symbolic Logic¨, 1941, VI, pp.41�53.Curry, H. B.,

The consistency and completeness of the theory of combinators

, ˙Journal of Symbolic Logic¨, 1941, VI,pp. 54�61.Curry, H. B.,

The paradox of Kleene and Rosser

, ˙Transactionsof the American Mathematical Society¨, 1941, L, pp.454�516.Curry, H. B.,

The combinatory foundations of mathematical logic

, ˙Journal of Symbolic Logic¨, 1942, VII, pp. 49�64.Curry, H. B.,

The inconsistency of certain formal logics

,˙Journal of Symbolic Logic¨, 1942, VII, pp. 115�117.Curry, H. B.,

Some advances in the combinatory theory of quantification

, ˙Proceedings of the National Academy of Sci-ences (U.S.A.)¨, 1942, XXVIII, pp. 564�569.Curry, H. B.,

A simplification of the theory of combinators

,˙Synthese¨, 1949, VII, pp. 391—399.Curry, H. B.,

The logic of program composition

, inApplications Scientifiques de la Logique Math�matique: Actes du

2 eColloque International de Logique Math�matique, Paris

� 25�30 Ao�t 1952, Institut Henri Poincar�

, Paris, 1954,pp. 97�102.

5 0 Curry, H. B.,

The inconsistency of the full theory of functionality

(Abstract), ˙Journal of Symbolic Logic¨, 1955,XX, p. 91.Curry, H. B.,

The consistency of the theory of functionality

(Abstract), ˙Journal of Symbolic Logic¨, 1956, XXI, p.110.Curry, H. B.,

The deduction theorem in the combinatory theory of restricted generality

, ˙Logique et Analyse¨, 1960,III, pp. 15�39.Curry, H. B.,

Basic verifiability in the combinatory theory of restricted generality

, in Bar-Hillel, Y., Poznanski, E.I. J., Rabin, M. O., Robinson, A. (a cura di)

Essays on the Foundation of Mathematics

, Jerusalem, 1961, pp.165�189.Curry, H. B.,

Modified basic functionality in combinatory logic

, ˙Dialectica¨, 1969, XXIII, pp. 83�92.Curry, H. B.,

The consistency of a system of combinatory restricted generality

, ˙Journal of Symbolic Logic¨, 1973,XXXVII, pp. 489�492.Curry, H. B., Feys, R.,

Combinatory Logic

, Vol. I, Amsterdam,1958.Curry, H. B., Hindley, J. R., Seldin, J. P.,

Combinatory

Logic

, Vol. II, Amsterdam, 1972.Curry, H. B., Hindley, J. R., Seldin, J. P.,

Beta strong reduction in combinatory logic: preliminary report

5 1 (Abstract), ˙Journal of Symbolic Logic¨, 1984, XLIX, p.688.Fitch, F. B.,

A system of formal logic without an analogue to the Curry W operator

, ˙Journal of Symbolic Logic¨, 1936,I, pp. 92�100.Fitch, F. B.,

The system C

D of combinatory logic

, ˙Journal ofSymbolic Logic¨, 1963, XXVIII, pp. 87�97.Fitch, F. B.,

Elements of Combinatory Logic

, New Haven, Con-necticut, 1974.Fitch, F. B.,

A consistent combinatory logic with an inverse to equality

, ˙Journal of Symbolic Logic¨, 1980, XLV, pp.529�543.Fitch, F. B.,

An extension of a system of combinatory logic

,in Hindley, J.P., Seldin, J.P. (a cura di),

To H. B.

Curry: Essays on Combinatory Logic, Lambda Calculus and

Formalism

, London, 1980, pp. 125�140.Frege, G.,

Funktion und Begriff

, inKleine Schriften

, Darm-stadt 1967, pp. 124�142. (Originally Jena 1891.)Gandy, R.,

An early proof of normalization by A.M. Turing

, inHindley, J.P., Seldin, J.P. (a cura di),

To H. B. Curry:

Essays on Combinatory Logic, Lambda Calculus and Formalism , London, 1980, pp. 453�455.Gentzen, G.,

Untersuchungen �ber das logische Schliessen

,˙Mathematische Zeitschrift¨, 1934, XXXIX, pp. 176�210.Gentzen, G.,

Die Widerspruchsfreiheit der reinen Zahlentheorie , ˙Mathematische Annalen¨, 1936, CXII, pp. 493�565.

5 2 Girard, J-Y.,

Une extension de l�interpretation de G�del � l�analyse, et son application � l�limination des coupures dans l�analyse et la th�orie des types

, in Fen-stad, J. E. (a cura di)

Proceedings of the Second Scandinavian Logic Symposium

, Amsterdam, 1971, pp. 63�92.Girard, J-Y.,

Interpr�tation Fonctionnelle et �limination des coupures de l�arithm�tique d�orde sup�rieur

, Th�se deDoctorat d�tat, Paris, 1972.G�del, K.,

�ber formal unentscheidbare S�tze der

Principia

Mathematica und verwandter Systeme I

, ˙Monatschefte f�rMathematik und Physik¨, 1931, XXXVIII, 173�198.G�del, K.,

�ber eine bisher noch nicht ben�tzte Erweiterung des finiten Standpunktes

, ˙Dialectica¨, 1958, XII, pp.280�287.Henkin, L.,

Completeness in the theory of types

, ˙Journal ofSymbolic Logic¨, 1950, XV, pp. 81�91.Henkin, L.,

A theory of propositional types

, ˙Fundamenta Math-ematicae¨, 1963, LII, pp. 323�344.Hindley, J. R.,

The principal type scheme of an object in combinatory logic

, ˙Transactions of the American Mathemati-cal Society¨, 1969, CXLVI, pp. 29�60.Hindley, J. R.,

The simple semantics for Coppo-Dezani-Sall� types

, in Dezani-Ciancaglini, M., Montanari, U. (a curadi)

International Symposium on Programming: 5th Colloquium, Turin, April 6�8, 1982, Proceedings

, Berlin, 1982

5 3 (˙Lecture Notes in Computer Science¨ (Springer-Verlag),1982, CXXXVII) pp. 212�226 pp.Hindley, J. R.,

The completeness theorem for typing l-terms

,˙Theoretical Computer Science¨, 1983, XXII, pp. 1�17.Hindley, J. R.,

Curry�s type-rules are complete with respect to the F-semantics too

, ˙Theoretical computer Science¨,1983, XXII, pp. 127�133.Hindley, J. R.,

Coppo-Dezani types do not correspond to propositional logic

, ˙Theoretical Computer Science¨, 1984,XXVIII, pp. 235�236.Hindley, J. R., Seldin, J. P.,

Introduction to Combinators and l-Calculus

, Cambridge, 1986.Hudak, P., Wadler, P. (a cura di)

Report on the Functional

Programming Language HASKELL

, Hartford, Connecticut,1988.Howard, W. A.,

The formulae-as-types notion of construction

,in Hindley, J.P., Seldin, J.P. (a cura di),

To H. B.

Curry: Essays on Combinatory Logic, Lambda Calculus and

Formalism

, London, 1980, pp. 479�490 (originally writtenin 1969 and privately circulated).Kleene, S. C.,

Proof by cases in formal logic

, ˙Annals ofMathematics¨ Second Series, 1934, XXXV, pp. 529�544.Kleene, S. C.,

A theory of positive integers in formal logic

,˙American Journal of Mathematics¨, 1935, LVII, pp.153�173, 219�244.

5 4 Kleene, S. C., l-definability and recursiveness

, ˙Duke Mathe-matical Journal¨, 1936, II, pp. 340�353.Kleene, S. C.,

General recursive functions of natural numbers

,˙Mathematische Annalen¨, 1936, CXII, pp. 727�742.Kleene, S. C.,

On notation for ordinal numbers

, ˙Journal ofSymbolic Logic¨, 1938, III, pp. 150�155.Kleene, S. C., Rosser, J. B.,

The inconsistency of certain formal logics

, ˙Annals of Mathematics¨ Second Series,1935, XXXVI, pp. 630�636.Klop, J. W.,

Combinatory Reduction Systems

, Dissertation,Utrecht, 1980.Klop, J. W. , de Vrijer, R. C.,

Unique normal forms for lambda calculus with surjective pairing

, ˙Information and Compu-tation¨, 1989, LXXX, pp. 97�113.Lambek, J.,

Deductive systems and categories I

, ˙Journal ofMathematical Systems Theory¨, 1968, II, pp., 278�318.Lambek, J.,

Deductive systems and categories II

, in Hilton, P.(a cura di)

Category Theory, Homology Theory and their

Applications I

, Berlin, 1969 (˙Lecture Notes in Mathemat-ics¨ (Springer-Verlag), 1969, LXXXVI) pp. 76�122.Lambek, J.,

Deductive systems and categories III

, in Lawvere,F. W. (a cura di)

Toposes, Algebraic Geometry and Logic

,Berlin, 1972 (˙Lecture Notes in Mathematics¨ (Springer-Verlag), 1972, CCLVIV) pp. 57�82.

5 5 Lambek, J.,

Functional completeness of cartesian categories

,˙Annals of Mathematical Logic¨, 1974, VI, pp. 259�292.Lambek, J., Scott, P. J.,

Introduction to Higher Order Categorical Logic

, Cambridge, 1986.Landin, P.,

The mechanical evaluation of expressions

, ˙Journalof the A.C.M.¨, 1964, VI, pp. 308�320.Landin, P.,

A correspondence between Algol 60 and Church�s lambda calculus

, ˙Communications of the A.C.M.¨, 1965,VIII, pp. 89�101, 158�165.Landin, P.,

The next 700 programming languages

,˙Communications of the A.C.M.¨, 1966, IX, pp. 157�164.McCarthy, J.,

Recursive functions of symbolic expressions and their computation by machine, Part I

, ˙Communications ofthe A. C. M.¨, 1960, III, pp. 184�195.McCarthy, J.,

A basis for a mathematical theory of computation , in Braffort, P., Hirschberg, D. (a cura di)

Computer Programming and Formal Systems

, Amsterdam, 1963,pp. 33�70.McCarthy, J.,

History of LISP

, in Wexelblat, R. (a cura di)

History of Programming Languages

, London, 1981, pp.173�196.Martin-L�f, P.,

An intuitionistic theory of types: predicative part

, in Rose, H. E. (a cura di)

Logic Colloquium

�73 , Amsterdam, 1975, pp. 73�118.Martin-L�f, P.,

Intuitionistic Type Theory

, Naples, 1984.

5 6 Meyer, A. R.,

What is a model of the lambda calculus?

,˙Information and Control¨, 1982, LII, pp. 87�122.Mezghiche, M.,

Une nouvelle C b-r�duction dans la logique combinatoire

, ˙Theoretical Computer Science¨, 1984, XXXI,pp. 151�165.Mezghiche, M.,

On pseudo-c bnormal form in combinatory logic

,˙Theoretical Computer Science¨, 1989, LXVI, pp. 323�334.Milner, R.,

A theory of type polymorphism and programming

,˙Journal of Computer and System Sciences¨, 1978, XVII,pp. 348�375.Milner, R.,

A proposal for standard ML

, inProceedings of the

1984 ACM Symposium on LISP and Functional Programming

,1984, pp. 184�197.Mycroft, A.,

Abstract Interpretation and Optimising Transformations for Applicative Programs

, Dissertation, Univer-sity of Edinburgh, 1981.Peyton Jones, S.,

The Implementation of Functional Programming

Languages

, Englewood Cliffs, New Jersey, 1987.Pottinger, G.,

The Church-Rosser theorem for typed l-calculus with surjective pairing

, ˙Notre Dame Journal of FormalLogic¨, 1981, XXII, pp. 264�268.Ramsdell, J. D.,

The CURRY chip

, inProceedings of the 1986

ACM Conference on LISP and Functional Programming

, 1986,pp. 122�131.

5 7 Reynolds, J. C.,

Towards a theory of type structure

, inPro-gramming Symposium. Proceeding, Colloque sur la Programmation, Paris, 1974

, Berlin, 1974 (˙Lecture Notes in Com-puter Science¨ (Springer-Verlag), 1974, XIX) pp. 408�425.Rezus, A.,

Lambda-Conversion and Logic

, Dissertation, Utrecht,1981.Rosser, J. B.,

A mathematical logic without variables

, ˙Annalsof Mathematics¨ Second series, 1935, XXXVI, pp. 127�150and ˙Duke Mathematical Journal¨, 1935, I, pp. 328�355.Rosser, J. B.,

New sets of postulates for combinatory logics

,˙Journal of Symbolic Logic¨, 1942, VII, pp. 18�27.Rosser, J. B.,

Highlights of the History of the Lambda-Calcu-lus , ˙Annals of the History of Computing¨, 1984, VI, pp.337�349.Russell, B.,

Mathematical logic as based on the theory of types

, ˙American Journal of Mathematics¨ 1908, XXX, pp.222�262.Sall�, P.,

Une g�n�ralisatition de la th�orie des types en l-calcul

, ˙R.A.I.R.O. Informatique th�orique/TheoreticalInformatics¨, 1980, XIV, pp. 143�167,301�314.Scheevel, M.,

NORMA: a graph reduction processor

, inProceedings of the 1986 ACM Conference on LISP and Functional

Programming

, 1986, pp. 212�219.Sch�nfinkel, M.,

�ber die Bausteine der mathematischen Logik

,˙Mathematische Annalen¨ 1924, XCII, pp. 305�316.

5 8 Schwichtenberg, Helmut,

Definierbare Funktionen im l-Kalk�l mit Typen

, ˙Archiv f�r mathematische Logik¨, 1975-6,XVII, pp. 113�114.Scott, D. S.,

Combinators and Classes

, in B�hm, C. (a cura di) l-Calculus and Computer Science Theory

, Berlin, 1975(˙Lecture Notes in Computer Science¨ (Springer-Verlag),1975, XXXVII) pp. 1�26.Seldin, J. P.,

Studies in Illative Combinatory Logic

, Ph.D.Dissertation, Amsterdam, 1968.Seldin, J. P.,

Progress report on generalized functionality

,˙Annals of Mathematical Logic¨, 1979, XVII, pp. 29�59.Statman, R.,

On the existence of closed terms in the typed l-calculus I

, in Hindley, J. R., Seldin, J. P.,

To H. B.

Curry: Essays on Combinatory Logic, Lambda Calculus and

Formalism

, London, 1980, pp. 511�534.Statman, R., l-calculus II

, ˙Theoretical Computer Science¨, 1981, XV,pp. 329�338.Steele, G. L. Jr.; Sussman, Gerald J.,

Revised Report on

SCHEME, a Dialect of LISP

, Cambridge, Massachusetts,1978.Strachey, C.,

Towards a formal semantics

, in Steel, T. B. Jr.(a cura di)

Formal Language Description Languages for

Computer Programming

, Amsterdam, 1966, pp. 198�220.

5 9 Stoy, J. E.,

Denotational Semantics: the Scott Strachey Approach to Programming Language Theory

, Cambridge, Mas-sachusetts, 1977.Tait, W. W.,

Intensional interpretations of functionals of finite type I

, ˙Journal of Symbolic Logic¨, 1967, XXXII,pp. 198�212.Turing, A.,

On computable numbers, with an application to the

Entscheidungsproblem

, ˙Proceedings of the London Mathe-matical Society¨ 1936, XLII, 230�265.

A correction

,˙Ibid.¨, 1937, XLIII, pp. 544�546.Turing, A.,

Computability and l-definability

, ˙Journal of Sym-bolic Logic¨, 1937, II, pp. 153�163.Turner, D.,

The SASL Language Manual

, University of St. An-drews, Scotland, 1976.Turner, D.,

A new implementation technique for applicative languages

, ˙Software: Practice and Experience¨, 1979,IX, pp. 31�49.Turner, D.,

KRC Language Manual

, University of Kent, 1981.Turner, D.,

Miranda: a non-strict functional language with polymorphic types

, inProceedings of the Second International Conference on Functional Programming Languages and

Computer Architecture

, Berlin, 1985 (˙Lecture Notes inComputer Science¨ (Springer-Verlag), 1985, CCCI).Whitehead, A. N., Russell, B.,

Principia Mathematica

, Cam-bridge, 1910�1913, 3 vols.